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Abstract: This paper examines the thermal behavior of the spontaneous wave-function
collapse model heating in quantum harmonic oscillators. A peculiar result of the theory is
that the obtained temperature increase is proportional to the square of the oscillator
frequency. In the present work, we compare this temperature increment — during the
dissipation of an oscillator — with a package of thermal excitation in the quantized thermal
propagation. It seems that a thermodynamically consistent physical embedding of the
collapsing propagation can be recognized.
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1 Introduction

The laws of thermodynamics involve such fundamental physical relationships by
which we can understand the dissipation and the measure of irreversibility (entropy
production) in the different processes [1]. In addition, these concepts are essential
not only because of the formulation of important conclusions from a purely
scientific point of view. Knowing the direction of processes is essential because of
technical applications [2], environmental phenomena, and sustainable development.
The macroscopic world is indisputably irreversible, and one of the intensive
quantities, the thermodynamic temperature has a crucial role in the description. In
the case of microscopic phenomena, two questions arise in this regard. How can we
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formulate the relationship between dissipation and reversibility [3]? It is clear that
microscopic processes are also dissipative. These represent losses, but at the same
time, we want to be aware of the possibilities of recovery [4-6]. In the processes
that control the operation of quantum computers, stability, and controllability are
indisputable ]7-9]. The other question concerns the existence of the temperature
created on a microscopic scale. How can we interpret temperature in quantum
phenomena, or what corresponds to temperature? Here, single-particle events can
be particularly interesting, i.e., those cases where we cannot speak of ensembles.
For this reason, the topic of this article is the investigation of a phenomenon in
which a dissipative event occurs during the movement of a single particle. Several
double-slit experiments have been designed to observe the interference of matter
waves, like electrons, neutrons, and even fullerenes. During the examination of the
massive objects are in spatial superposition [10]. The collapse of the coherence
means a turn of the considered system into a dissipative spreading process.
The collapse models predict a temperature increment when the incoherent state is
achieved [11].

The structure of the paper is as follows. The main steps in the mechanical model of
a collapsing quantum oscillator are summarized in Section 2. Here, we focus on the
existence of temperature increment without the details of the calculations.
The appeared temperature is a motivation of the present paper since we aim for the
thermodynamic formulation of this effect. The quantized description of the thermal
propagation is shortly presented in Section 3. The two quantum effects on this level
are compared and connected in Section 4. At this stage, we can identify this
temperature increase by a packet of thermal excitation. It sounds relevant that the
loss of coherence pertains to an irreversible alteration. In this way, we can take a
look at how to introduce the laws of thermodynamics in such theories, which are
far from them in the axioms. The conclusions are collected in Section 5.

2 Temperature Increment of a Collapsing Oscillator

In a macroscopic system, there is no superposition of different position states. In
another approach, we may say that macroscopic superposition decays at universal
rates. These phenomena pertain to the spontaneous collapse models [12-17]. Due to
the consequence of the wave function collapse, an experimentally proved
significant temperature increase appears due to a mechanical oscillator. We
emphasize that in this study the considered oscillator is macroscopic, and we
assume of its existence of quantum wave function. The collapsing process suggests
a decay of the initial state, which is dissipative and irreversible. The framework of
thermodynamics is an effective tool for interpreting such phenomena. During the
collapse an energy transformation occurs. It seems to identify it as a heating effect.
Accepting these antecedents, we focus on the above-mentioned temperature
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increment to find the thermodynamic relation to it. If we can achieve this, we can
place this quantum process in the thermodynamic framework.

The classical physical situation can be formulated via the quantum master equation
[18, 19], by which we arrive at the Liouville equation that describes mechanical
oscillator diffusion [11]
dp _ _ a%p
E - {H:p} - Dsp ml (1)
where p(p,x) is the phase density, H(p,x) is the Hamilton function of the
oscillator, {H, p} is the Poisson bracket, and D), is the diffusion parameter to the
diffusion of p. It is relevant that the collapsing oscillator raises the environmental
temperature by spontaneous heating [11, 12]. In the detailed analysis, the
mechanical oscillator is placed in a thermal environment, which will modify the
Liouville equation. Moreover, the classical and quantum noise also contributes to
the process. For this reason, the above equation becomes somewhat more complex.
Assuming a stationary state the phase density p(p, x) approximates

H(p.x)
pse(p,x) ~ exp (- 2E2) 2)

kpT
by the Gibbs canonical distribution, where kg is the Boltzmann constant. After a
detailed discussion, the related temperature increment for higher temperatures can
be expressed as
D
My = 5T 3)

mkp

where 7 is the relaxation (collapse) time of the oscillator, and m is the mass.
The diffusion parameter for a massive oscillator (originally a gravity-related is
considered) in a spontaneous collapse model restricted to a bulk matter is

Dy, = %hmwz, (4)

by which the temperature increment can be obtained as

2
ATy, = ;‘%B L. (5)
We note that the formula has a general meaning, there is no restriction to the
vibrating entity, i.e., it is independent of the actual physical nature of the oscillator.
The temperature increase of ATy, may depend on the mass of m and the spring
constant of kg of the oscillator via the angular frequency of w. We see that the
temperature appears explicitly here, so an obvious wish may be to find a
thermodynamic connection point to this result. The frequency square in the
expression means a peculiar effect of the collapsing-decaying process. The traveling
oscillator energy is proportional to the frequency, but in the dissipation, the kg ATy,
is proportional to the square of w. We expect that the quantized thermalizing should
give back this relation. It is encouraging that the entropy production calculated on
the quantum scale of the frequency energy packet is also related to the square of the
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frequency [20]. It seems that there is a connecting point among the processes in the
deep. We draw attention, to that today there are several clarifying thoughts about
the macroscopic thermodynamics and quantum transports [21], and the entropy
limits for macroscopic and single particle systems [22].

3 The Thermal Excitation within the
Thermodynamic Frame

To join with the thermodynamic aspects of the above dissipative process we need
to introduce the quantum excitation of thermal energy [23]. The Lagrangian-
Hamiltonian-based canonical formulation of thermal propagation enables us to
introduce and elaborate the quantum description of temperature and thermal energy
[24, 25]. We shortly summarize the model of the thermal field to see later the
physical relation with the collapse process. The initial step is the formulation of the
Lagrange density function

_ 199\ _ 1,2 (09)?
L= z(at) 2D (ax) ’ (6)
that can describe the thermal propagation. The introduced potential function ¢ (x, t)

generates the measurable thermal field — or proportional to the usual temperature of
T — in the sense of the definition

2
T=-24p2¢ (7)

In Egs. (6) and (7), the definition of the diffusivity parameter of D is given by the
parameters of Fourier heat conduction D = 1/(p c,); 4 is the heat conductivity, p
is the mass density and ¢, is the specific heat. Applying the least action principle
(Hamilton’s principle) (§S = & [ L dV dt = 0) and the calculus of variations, the
Euler-Lagrange equation can be obtained for the potential function
20 _ 2 0% _

otz vt = O ®)
We take into account the definition in Eq. (6), by which we obtain a differential
equation for the temperature field of T

aT 92T

i D Pl 0. ©)
This is exactly the Fourier’s heat equation. The quantization procedure of the
thermodynamic theory starts with the basic modification of the least action

principle. It states that the variation of the action is not zero:

5S=6[Ldvdt = h. (10)
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The quantity i shows the deviation from the classical paths. We emphasize that the
least action principle, the variational calculus is not sensitive to the dissipative
property of a process. We managed to apply the procedure for thermal conduction,
despite of that the related quantum behavior differs from the classical one.
The mathematical structure enables the use of the operator formalism [25].
Introducing the generalized momentum (conjugated to @)

p=2p, an

we can reformulate the variation from the classical path with the so-called
commutation rule

[IP, @] AV = h. (12)

Mathematically this pertains to the total variation of action. We can express both
the potential and the momentum in the Fourier series

0= 2k \/%(Ck coskx + Sy sinkx), (13)

P= Zk\/% (Ci coskx + Sy sinkx), (14)

where the function coefficients €} and S, depend on time only, V is the volume,
and k is the wave number. Substituting them in the Lagrangian in Eq. (6), and
integrating the Lagrangian over the entire volume, we obtain

L= %[(C2+52)" + D2k*(CE + 51)?|. (15)
The relevant momenta are

R = G, (16)
P® = §,. (17)

Now, we can write the Hamiltonian
H=PC+$p L
1 2 1 1 21
=% |GRO - 5 p2tct) + (3RO - 5 p2kesE)|. (18)

At this point, we can introduce the operator formalism. The momenta (Pk(c), Pk(s)),
and the coefficients (Cy, Sy) are operators allowing the commutation rules

[Pk(C)'Cl] = héy, (19)
[Pk(S)'Sl] = héy, (20)

by which we can introduce creation and annihilation operators
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— 2
Pk — Dk

C,j' = N + 7z Cy, 21)
PO pe

These obey the following commutation rules

Ck_Cl+ - Cl+Ck_ = Dk2h6kl' (23)

S S — StSy = Dk*héy, . (24)

It is easy to check that the unit of Dk?# is J, i.e., the quantum of energy stands on
the right-hand side of these relations. The Hamiltonian operator — the entire energy
on the system in quantized form — is

E=H= % Yu(CiCe + CoCF + SESe + SeSiH). (25)

The dissipative behavior of the heat conduction appears as a repulsive interaction
in Eq. (18). However, the description can handle the unbounded spectrum from
below due to the inverted parabola potential. Despite these difficulties, the
mathematical formulation serves a quantized temperature increase AT = AE/C,, for
an elementary excitation of AE of one degree of freedom [26, 27]:

AT(k) = 2 Dk?, (26)

kp

It depends on the wave number of k of the propagation mode. Here, we take into
account the relation

C, = %kB. Q@7

The calculations reflect that the thermal energy propagation proceeds as if a
repulsive potential would act. This means that the spectrum is continuous.
The situation is very similar to the case of the study of harmonic oscillators with an
inverted parabolic potential [28]. The interaction is repulsive, the wave number is
arbitrarily continuous.

4 Comparison of the Temperature Increment and the
Thermal Excitation

The spontaneous collapse model suggests the idea that the macroscopic oscillation
mode turns into a quantum thermal effect, i.e., comparing the results in Egs. (5) and
(26), we should find the same measure of temperature increment. To achieve this
aim, we need to create a relevant, comparable physical model. The oscillator in Eq.
(4) is originally a gravitational oscillator. (These studies were started to verify the
assumption that the gravitational field destroys the coherent quantum states.)
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A small particle with a mass of m is moving radially inside the Earth as Fig. 1
shows. The effective force — at the instantaneous position, the radius (r) of the mass-
point, where the gravitational interaction originates from the internal sphere with a
radius of r —, F(r) which is acting on the particle

Mo
mMos mM
R° = 4 F r, (28)
where M is the mass of the Earth, R is the radius, and y is the gravitational constant.
The equation of motion of the particle is

F(r)= -y

r2

T, (29)

(30)

Figure 1

Gravitational oscillator: a tiny particle of mass of m oscillates inside an Earth-like mass of M. The
acting gravitational force on the particle is proportional to the displacement of r.

Due to the big mass of the Earth, we may replace this model with a fixed at-one-
end suspended oscillator: A mass of m oscillates at the end of a spring; kg denotes
the stiffness constant. This elastic coefficient can be identified as

o 31)
It ensures the required angular frequency, but this physical model is somehow far
from the picture that the oscillator can move freely. The fixed end is a rough
mechanical connection to the environment. However, from the viewpoint of the
thermal quantum, it seems better to imagine the vibration system as a coupled
oscillator, a pair of two m’ = m/2 masses bounded with the same spring. Naturally,
the spring constant, k; is the same.

ks=y
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L AVAVAVAVAV.

Free-ended oscillators with the total mass of m. The stiffness constant of the spring is kg. The angular
frequency of the vibration is ' = 2,/ks/m.

In this modified situation the vibration is going around the center of mass, thus the
effective spring constant becomes, kg = 2k,. Thus, the frequency formula of the

suspended oscillator w = /ks/m turns into

;L k_;_ 2ks
w—\/;— fm/z—Za), (32)

due to the vibration around the equilibrium point. This means that the relation in
Eq. (4) should be rewritten in a modified form as

Dpoa-sp = 2hmw?, (33)

fitted to the present model. We need to mention that the calculation of the effective
mass is not so trivial in general. Sometimes the approximation requires careful
consideration [29].

Then the related temperature increment is

2hw?
ATmoq—sp = g T. (34)

At this point, the temperature increments in Egs. (5) and (26) can be compared. To
this, we consider — on the one hand — the phase speed ¢ of the propagation mode &
is simply

c=2. 35)

On the other hand, according to the hypothesis of “Extended Irreversible
Thermodynamics” the finite speed of thermal signals (pulses) is ensured by the
telegrapher equation [1, 30]

;0T

et Dia=o. (36)

The first term of the equation comes from the inertia of the thermal effect suggested
by Maxwell first, then much later by Cattaneo, and independently Vernotte, too.
The parameter 7’ expresses the relaxation time. Now, we focus on the dispersion
relation of the above differential equation

—T'w'?® + iw' + DK'* =0, (37

where ' is the (real) frequency and k' is the (complex) wave number.
The calculated phase velocity is

_T4—
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w 2Dw!

(= — = —————. 38
— (38)
T + 1+ 7202

In the high-frequency limit (w’ — o0) the propagation speed can be obtained as

D
Cc = -

(39)

At this point, we may identify this propagation time 7’ with the relaxation time t of
the oscillator in Eq. (5), i.e., ' = 7. Thus, the diffusivity parameter can be
formulated as — taking into account the phase speed in Eq. (35) —
wZ

D = c%t = =T (40)
Here, this coefficient can be substituted into the quantized temperature increase
given in Eq. (26). Now, the temperature increment during the dissipative process
can be immediately obtained as

2
AT = 2hw

prald 41)
which is exactly the expression of the spontaneously collapsed oscillator as is shown
in Eq. (34). In this way, the thermodynamic background was successfully matched
to the spontaneous decaying, collapsing, or absorbing process of the oscillators. At
this point, we can reverse the thinking. If the spontaneous collapse of an oscillator
generates a thermal process, reversely, the thermal process also relates to the
collapses of wave functions of oscillators. In this way, we can understand why the
Fourier heat conduction turns into a perfect irreversible process. The spontaneous
processes cannot be reversed. As we know it from thermodynamic studies.

The spontaneous oscillator collapsing and the related irreversible effects may cause
unpredictable changes in the signal propagation, e.g., in teleoperation [31], or
nanoscale electronic devices [32]. It is just a suggestion that the discussed
phenomenon can participate in various electronic devices in influencing its
dispersion relations, thereby tuning the physical properties [33, 34].

Conclusions

We examined the relation between the spontaneously collapsing macroscopic
quantum oscillators and the related thermal excitations from a thermodynamic point
of view. It has been shown that the calculated temperature increment during the
oscillator wave function collapse is proportional to the square of the oscillator
frequency. In the comparison, we consider the expression of the deduced quantum
thermal excitation, originating from the quantization procedure of thermal
propagation, the Fourier’s heat conduction. These excitations are also quadratic in
the wave number. As an example, we apply the model for a mechanical oscillator,
by which we can find a thermodynamic connection between the two kinds of
approaches. The discussed description is not restricted to the peculiar type oscillator
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cases, so the physical application is widely applicable. It means that any oscillator
collapse involves the described thermodynamical process. The presented model
shows a possible way how to apply the concept of dissipation (irreversible
properties) in the field theories.
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