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Abstract: The important parameters of bar magnet configurations, in which the same poles
are facing each other, are investigated with a focus on their potential applications in
magnetic levitation. The scalar product of the magnetic field and its gradient between
magnets is referred to as fz, which is a function for force calculations. The magnitude and
linear range of this function are then examined. These parameters are computed for several
air gap lengths between the magnets, as well as the height and thickness of the magnets,
while keeping the magnet length constant. The calculations are experimentally validated by
measuring the magnetic field of a magnet system. The choice of thickness and height of the
magnets was found to have critical effects on both linearity and the maximum value of fz
within the linear range. The results of this study can be used to guide the selection of magnet
dimensions and also to evaluate the factors that can influence the measurements and
sensitivity of magnetic levitation systems.
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1 Introduction

Specific types of permanent magnet systems have been subject to many researches
and key components of many applications such as magnetic levitation [1-4],
separation [5], flow focusing [5] [6], tilt or displacement sensor technologies [7],
motor designs [8], control [9], detection applications in polymers [10], and
biomedical technologies [11] [12]. In addition, magnetic fields generated by them,
and the interactions between the magnets [13-15] have become the subject of
numerous research studies, from education [16] to new areas of applications [17]
[18].

Magnets with different well-known geometries can be used in many systems such
as rectangular prism [11] [13], Halbach array [19], cylinder [20] [21], sphere [9],
ring [18], and cone [22]. These kinds of magnets, when integrated with a magnetic
field sensor, can be used to measure displacement or position, making them
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particularly advantageous in applications where precise position information is
critical—such as in control systems [23] and robotics [24]. The magnetic field
created by these magnets can be analytically calculated [25-28]. In particular,
combinations of the bar magnets (rectangular prism shaped) have been found in
many fascinating applications such as magnetic levitation [11], separation, flow
focusing [5], density measurements [11] [19], and crack detection [29]. For this
reason, the studies about investigation of magnet systems by using analytical
calculations, simulations and/or experiments gives valuable contributions to
mentioned [30] and future new applications [4] [17].

The magnetic levitation systems of two magnet systems in repulsion, same poles
facing each other, have been found in magnetic levitation applications as one of the
active research areas. In these systems, magnets in the form of a cylindrical or
rectangular prism provide levitation of paramagnetic particles in diamagnetic
medium or diamagnetic particles in a paramagnetic medium [4]. The form of the
magnetic field in magnetic levitation systems for the density measurements is
important for sensitivity and density measurement range [1] [2]. Many studies in
this area generally have been focused on application and not magnetic
characteristics [9, 12, 13, 20] and theoretical studies on these systems are found to
be limited. In many of these studies, the magnetic field or magnetic forces in interest
were assumed to be linear [11, 12, 20] although linearity of these functions highly
depends on magnet dimensions and their spacing [1]. These magnetic system
parameters also have a high influence on magnetic force. As a consequence,
especially at the initial steps of designing magnetic systems for the mentioned
applications, investigating, calculating or having insights on the effects of magnet
parameters on the magnetic force and its linearity are found to be crucial.

A key motivation for this study is to demonstrate that linear magnetic fields—and
the resulting forces—are strongly influenced by magnet positioning and physical
parameters. In many applications, including magnetic levitation [3] [4], sensor
design [31], and actuator systems [32] [33], magnets are often used under the
assumption of linear magnetic field behavior, frequently without a supporting
theoretical foundation. However, this assumption holds true only under specific
conditions, which necessitates a thorough examination and clarification of these
limitations. The findings of this study are expected to enhance both the efficiency
of future applications in these areas and the interpretation of previous research.
Moreover, the combined analysis of magnetic field linearity and maximum force
magnitude may provide valuable insights for systems that employ symmetric
magnets as sensors or sources of magnetic force. To the best of our knowledge, this
work is the first to investigate linear range approximations in relation to magnet
system parameters.

In this study, the product of magnetic field and magnetic field gradient in the axis
at the center of two bar magnets, same poles facing each other, is investigated
theoretically and experimentally. The results of linearity analysis and maxima of
this function in terms of magnet system dimensions are presented. The aim of this
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study is to give insight on the influence of magnet parameters on the value and form
of magnetic forces and help to select correct magnets for applications needed in
many areas such as biomedical and material technologies.

The remainder of the paper is organized as follows. Section 2 provides a theoretical
explanation of the linear magnetic field in a symmetrical magnet system and
outlines the methodological approach used for the analysis. Section 3 presents the
analysis results and an example application based on various magnet parameters,
and discusses them in the context of related studies. Finally, Section 4 summarizes
the conclusions and highlights the study’s contributions.

2 Theory and Method

2.1 Theory

In magnetic levitation systems, which are the focus of this study, it is important to
operate under linear force conditions to obtain precise measurements and ensure
accurate interpretation [1]. Although the concepts of linearity and nonlinearity have
numerous definitions and applications across scientific disciplines [34], in the
context of this study, linearity is defined as a relationship between input and output
in which a change in input results in a proportional change in output. An ideal linear
system produces an output that remains consistently proportional to the input across
its operating range, typically represented by a first-order (linear) polynomial
function. This characteristic is crucial for accurate system modeling, precise
calibration, and reliable performance in control and measurement applications [35].

In magnetic levitation systems, the force equation for diamagnetic particles in a
paramagnetic fluid or vice versa can be expressed by the following equation [11]
[36].

Vﬁ—XBVB =V g,Ap (1)
0

The following notations are used in (1); Ay is the magnetic susceptibility difference
of the medium (ym) and the particle (y) to be levitated, B is the magnetic field
(magnetic flux density, magnetic induction), Lo is the magnetic permeability of free
space, V is the particle volume, g, is the gravitational acceleration of Earth, and Ap
is the density difference of the medium and the particle. When this system is used
for density measurement, the factor that determines position of the levitated
particles for constant parameter values of the medium will be the BV B function. In
equation (1), the term BVB can be adjusted by magnet parameters. This term
denotes an expression that is ideally expected to be linear in the direction of the
levitated axis [4, 11, 37]. In the following section, this term is examined for the
system given in Figure 1, which consists of magnets in the form of rectangular

-103 -



S. Gumus et al. Analysis of Magnetic Force Linearity in Levitation and Sensor Magnet Systems

prisms and the same poles are facing each other. In Figure 1a, the geometry of
magnets and magnetic field the gaussmeter used for magnetic field measurements
(Lakeshore DSP 455 gaussmeter) was shown. Levitation takes place along the z-
axis for similar systems and therefore it was chosen to express the magnetic force
(F'), using (1), in this axis (Figure 1b) with the following equations.

Fp=V2Ef, and f,=B%" 2)

Z 9z

Az
AZ

. 1/2
. b E—
| hi_
! v ; » Gaussmeter :
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ht - g/Z SRR >
Z:OE ............. >y Hall Probe Z=0 y
@ (b)
Figure 1

The schematics of the magnet system and measurement setup(a), and schematics of coordinate axis
with respect to the magnets (b)

Both the experimental measurements were taken, and numerical calculations were
made on the axis at the midpoints of the rectangular prism magnets shown in Figure
1b. The magnetic field B of a single rectangular magnet on the z-axis is given in (3)
[25, 26] for the single magnet given in Figure 2. In equation (3), t, 1, h symbols refer
to thickness, length and height of the magnet, respectively.

oM (t/2)(1/2) —
B(z) = - [arctan ((Z_h/z)\/(t/z)z+(1/z)2+(z—h/2)2)
(t/2)(1/2)
arctan ((Z+h/2)\/(t/2)2+(l/2)2+(z+h/2)2)] (3)

Here, M is the magnetization magnitude of the magnet. In Figure 2, different from
the two magnet systems in Figure 1, the origin of the coordinate system is in the

magnet center.
z
4 |
Ly < >

ht Yy

Figure 2

Dimensions and reference system of a rectangular prism magnet
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As shown in Figure 1b, the z=0 point is chosen as the midpoint of the two magnets;
therefore, it is convenient to express the magnetic field of each magnet by shifting
the function of the single magnet B given in (3) by A where A is (h/2 + g/2).
Consequently, the magnetic field functions of the first and second magnet become
Bi,(z) =B(z—A) and B,,(z) = —B(z+A), respectively. Taylor series
expansion of the first magnet is:

o B ©

By, (2) = B(z — &) = ¥ioo =5 @k =ay—a;z + az? —azz3+.. 4)

Taylor series expansion of B for the second magnet is:

w B2z%(0)
By, (2) = —B(z + A) = Xio = —

@)k =—ay —a;z — a,z? — azz3+.. (5)
Where in equations (4) and (5), B;,(0) = B(A), B,,(0) = —B(A), and B® is the
kth derivative of B. Since B is even function B(A) = B(—A) the even degrees of z
simplify and only odd degrees of z components remain in the sum of B;,(z) and
B,,(z) polynomials as in (6):

B, = B1,(2) +B,,(z) = —2a,z — 2a32° (6)

The terms after the third degree can be neglected for small z values in the
polynomial of B,. If the approximation of B; in (6) is used, the term /. can be found
as follows:

— - 3
fo ~ (2042 — 2a52%) EE2NE) = 4027 + 160,052° + 12032° %)

The expression in (7) is required to be linear for many applications and it is close to
linear for small z values depending on the coefficients a; and as. As the z values
increase, the coefficients of the third and higher power (order) terms become
dominant. For linear f; and linear force, it is important to set magnet parameters and
distance between magnets so that a; as product and as> terms are small.

2.2 Linearity Analysis of f;

Analysis was carried out to determine in which regions the f. function, which
determines the magnetic force as in (1), is approximately linear as shown in (8).
Using (3), the sum of each magnet's magnetic field (B,) and f. were calculated in
the axis of the air gap region of the two magnet systems shown in Figure 1b. In
magnetic levitation studies, the magnet length should be significantly greater than
its height and thickness to ensure that the forces acting on the particles along the
magnet are symmetrical, and that the force variation remains low in the region near
the center axis of the magnet (x = 0, y = 0). Therefore, a magnet length of =50 mm
was chosen, which is close to the standard length of capillary tubes or
microchannels where the samples are placed [38]. The calculations were made for
the gap g values of 1.5 mm, 3 mm and 5 mm, the height h and thickness t values,
were taken in the range of 0.5-10 mm with 0.1 mm steps. For all calculations, a
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magnetization value of M = 1000 kA/m was used, as it is close to that of high-
grade N35 magnets (930-970kA/m) and low-grade N45 magnets (1050-
1100 kA/m). "fit” function of a linear polynomial was used in MATLAB to find
parameters of the linear model for .. One of the parameters, the root mean squared
error (rmse) was utilized for testing whether the calculated data fits a linear model
[39]. The rmse formula is given in the equation below.
rmse = —2?210:_”)2 )

In equation (8), ¥, is the ith fitted linear function value, y; is the ith calculated value
of the function f. at that point, and n is the total number of function values.
The n=1000 value was set out for each calculation. The small value of rmse
indicates that the fitted data converge to the linear function. To find maximum linear
range first the fit range was started from the air gap value, and if the rmse value was
greater than 1 T%/m, the fit range was narrowed. Linear range was determined from
the fit range when the first rmse <1 T?/m condition was met. Figure 3 presents a
flowchart that summarizes the steps of the analysis.

Magnet dimensions and
parameters
range=g

Calculate B, and f; by|
using eq. 2, eq. 3

|

Calculate rmse by using
Reduce range |—» eq. 8 (Using f, and the
fitted linear polynomial)
Y [y

Set new
parameters

No Yes linear range=range,
find max. f, in the range

Figure 3
Flow chart of the linearity analysis

The calculated f- values, along with the corresponding linear fit functions and linear
ranges obtained from the algorithm (Figure 3) for two different sets of magnet
dimensions, are shown in Figure 4. When magnet sizes and air gap g value are not
selected appropriately, linear range becomes relatively small compared to air gap
(Figure 4a). However, as shown in Figure 4b, when more suitable values are
selected, both the £ magnitude in the linear range and the linear range values
increase. It is seen that the residual values (difference between calculated data and
fitted function) are less than 10 T*m for g=1 mm and 169 T*m for g=5 mm. But,
for both magnets, the linear range residual values are less than 3 T?/m. Of course, it
is possible to choose larger rmse values to expand the linear range depending on the
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application. This study was carried out to show the effect of the magnet dimensions
and air gap on the f.. For this reason, results were obtained with the chosen rmse
value of 1 T>/m and analysis was made from the corresponding data.

(a) (b)
300 — : 200
—Calculated
200 | [ —Linear Fit JLinear Range rmse<1 180l : Linear Range rmse<1 )
; ' } '| =—Calculated !
' !
100 : i 100 : —Linear Fit :
' ' —_—
] ' 50} : :
£ ' ! £ ' !
T o ) I '
t ] . t’ : =20 ¢
o ' o 50| ' “_Em
= 1
-100 | . : ' c
' 10 ! g0
] ' _g
o ' ) =10
200 150 | H
' ®20
200 -0.5 0o 0.5
300 2 2 A 0 1 2 3 -0.5 -0.25 0 0.25 05
z(mm) z(mm)
Figure 4

Plot of calculated and linear fitted f. functions (rmse<1) with respect to z axis, for magnet dimension
of =50 mm, t=2mm, h=5 mm; (a) g=5mm, (b) g=1mm (Insets: plots of residuals)

3 Results and Discussion

For many levitation studies such as density measurement of polymers or cells, linear
magnetic force is desired to ease calculations and increase accuracy [1, 10, 11].
However, the magnetic forces are approximately linear in the certain ranges for the
magnet systems as shown in equations (8) and (1). Therefore, for these kinds of
systems, a detailed examination of the magnetic force might be crucial to increase
sensitivity and for correct measurements [1, 3, 6, 8, 36]. For this purpose, analyses
were made with this motivation to examine the selected parameters for the
rectangular magnet configuration. In the analyses, the linear range of the 1. and the
maximum f; values within this linear range were investigated.

Contour and 3D plots of the linear range with respect to thickness (t) and height (h)
for air gap length (g) of 1.5 mm, 3 mm and 5 mm are given in Figure 5. In these
calculations the length of the magnet was kept constant as 50 mm and h, t values of
the magnets were changed with 0.1 mm intervals. The detailed investigation on the
influence of magnet dimension on the B field of a single bar magnet can be found
in the study of [26]. In their study, uniformity of B field magnitude in the center and
boundaries of the magnet were shown to increase with the increase of I/h ratio [26].
So, the choice of I=50 mm long magnet also satisfies the uniformity of B field along
y direction. The maximum linear range was determined to satisfy rmse<1 T?/m. It
is worth mentioning that this 7mse value can be chosen smaller or larger according
to the application's requirements. Although this linear range determination approach
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is for a particular condition, it shows the influence of h, t and g parameters on
investigated quantities.
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Figure 5
Plots of Linear Range (rmse<1) with respect to height and thickness of magnets a: for 1.5 mm air gap

b: for 3 mm air gap; c: for Smm air gap. (Inset: magnet dimensions)

The results clearly reveal that the dimensions of both the magnet and the air gap
play an important role in determining the range in which the £ can be considered
linear. Outside this region, the third or higher order terms of z become dominant for
the f- function as shown in Figure 4 and (7). The height h value, especially when it
is longer than g, appears to be less effective compared to t and g. Thickness of
magnets plays an important role when it is smaller than g but after its value much
higher than g it becomes not effective and linear range becomes equal to g.
According to the results the t thickness of the magnet could be chosen closer (g=3
mm and g= 5 mm) or higher than g (g=1.5 g) when linear range is considered. For
g=1.5 mm when t>g there is local minimum of the linear range around minimum
value of 0.84g which is acceptable for most of the levitation applications. By
considering this, when t values selected to be higher than g (around 1.4g) acceptable
linear range can be achieved. The air gap length g, could be narrowed within the
limits of the application, to have a larger linear range in air gap, especially for small
thickness t values.

The highest magnetic force value that can be produced in the linear range is also an
important factor. It is especially crucial in measurement of high-density materials
and also low paramagnetic ion requirements in biomedical applications [11] [40].
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When the magnetic force term in (1) is higher the difference of densities in buoyant
force can be larger. As a result, higher densities can be measured. As another
example, in biomedical applications, it is recommended to use liquids with Gd**
paramagnetic ion concentrations up to 100 mM [11] [40]. Especially since the ym
value is directly proportional to the paramagnetic ion content, the low ym value

decreases the Ay value in (1) and so relatively high £ values is required for such
applications.
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Maximum f: in the linear range with respect to h and t a: for 3mm air gap, b: for 1.5 mm air gap; c: for

5 mm air gap (rmse<l)

Contour and 3D plots of maximum £ in the linear range for sets of t and h were
presented in Figure 6 for several g values. As seen in Figure 6, the thickness is a
critical parameter and for each height value there is a maximum of f. at a certain
thickness value. The trace of these maximum (yellow region in contour plots) well
matches with the linear range contour plots where the maximum linear range
obtained for lowest values of h and t. Not as critical as thickness but the height of
magnets (h) also has an important influence. It can be seen, that the maximum value
increases as the h value increases, except points near to the local maximums (tip of
shark’s fin like plots). Other design parameters or constraints for applications
should be taken into account when choosing the height of magnets. For example, in
optical systems using mirrors and lenses, the choice of long magnets will limit the
use of lenses due to their limited focal length and magnification needs as in studies
of Anil-Inevi et al [40]. Local maximum of with respect to height h also observed
for various values of thickness. These maximums observed at the tip of shark’s fin
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like plots can be used for applications when the need for magnet dimensions is
small. For example, the local maximum value of f; =161 T?/m for g=1.5 mm and at
h=2.9 mm, t=2 mm can be used for such designs. Another conclusion from the plots
is the maximum £ in the linear gap decreases, while the air gap widens for the same
magnet dimensions. If Figure 5 and Figure 6 are examined together, the tip of shark
fin (Figure 6) and the boundary of where linear range equals to g first time, for lower
values of t (Figure 5), intersects. So, choosing t and h values, on the tip of the shark
fin of Figure 6, will both satisfy linear range and maximum f; conditions.

(@) )
0.8 [ Calculated B, :lower magnat e Calculated f,
0.6 [— Calculated B,,:upper magnet 1 100 . Experimental Result of f
— Calculated B, *
i W ' 50
0.2 | T
5 £
o ' e 0
0.2 N
50
0.4
06 -100
150 "
3 2 -1 0 1 2 3 -3 -2 1 0 1 2 3
z(mm) z(mm)
Figure 7

a: B. measurements and theoretical results and calculated b: . results for 5 mm air gap and 62x12x3
mm magnet dimensions

To experimentally validate equations (2) and (3), the calculated and measured
values of the magnetic field (B,) were compared on a selected magnet set.
The magnet set, consisting of two magnets with dimensions of 62x12x3 mm
(Ixhxt), was placed as shown in Figure 1. Measurements were taken using a Hall
effect sensor, and due to the limitation of the Hall sensor dimensions, measurements
were conducted for a relatively large magnet separation of 5 mm. The Hall sensor
was placed along the z-axis of the coordinate plane shown in Figure 1b, and the axis
was scanned in 0.05 mm steps. The calculated B,, and B,, values of each magnet
and their sum (B,), along with the measurement results, are all shown in Figure 7a.
A magnetization of M = 920 kA/m, which corresponds to the magnetization value
for a typical M35 magnet, was found by fitting the measured and calculated data.
As can be seen from the figure, both the measured and calculated data match well.
It can also be observed that the measurement results are in accordance with the
polynomial function specified in equation (7). After a certain value of z, the third
or higher-order terms in (7) become dominant, making the nonlinearity of the f-
function more distinct (Figure 7b).

According to the given results, the length of the air gap should be selected less than
3 mm in order to obtain a linear range equal to the entire air gap. To show this, B:
and f; values are calculated with respect to z for 5, 3 and 1.5 mm gap values and
given in Figure 8. As seen in the figure, narrowing the gap between magnets, the
maximum B; and f values decreases, while the linearity of the f: increases.
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Theoretical results of a: Bz and b: f; for 1.5, 3, 5 mm air gap length and the magnet dimensions of
62x12x3 mm

The following section demonstrates an example application of magnetic levitation
in density measurement, highlighting the strong dependence of linear
approximation accuracy on system parameters. Using (1), the density of particles or
cells p. in a paramagnetic fluid with known density p,, can be calculated from
measurements of position with respect to the z = 0 reference point. Assuming that
the f, varies linearly with z, the expression: f, =~ 4a?z= bz (Equation 7) can be
used, and Equation (1) simplifies to [1]:

pc:pm_i:l—;:zpm_bﬁz )

For 100 mM Gd3* solution, the following values were used for calculations: p,, =
1020 kg/m3, x,=3.2 107>, g, = 9.81m/s*> p, = 4mw10~7 Tm/A. For a magnet
pair of size 62x12x6 mm with magnetization of M = 920 kA/m, the linear range of
f, (Figure 4) and its linear coefficient b were obtained using the algorithm
presented in the flowchart (Figure 3). The approximate particle/cell density p. was
first calculated using this linear approximation using (9). Subsequently, a more
accurate calculation of p, was performed using equations (2) and (3) and (9) without
linear approximation. The difference between the two results defines the density
error, and the maximum errors were computed both within the linear range and
across the entire range (g).

As shown in Table 1, the value of b increases with decreasing g, indicating stronger
magnetic forces in the linear region. In applications targeting a wider density range,
a stronger magnetic force is preferred [1], since the measurable density range is
limited by the boundaries at z = +g/2 in Equation (9). Within this range, the
particle with minimum density reaches equilibrium at z = +g/2, while the particle
with maximum density reaches equilibrium at z = —g/2. It is worth noting that
there is a trade-off between measurable range and sensitivity, in which the value of
b should be carefully considered.
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The linear range was defined using a threshold of rmse< 1, resulting in rmse values
equal to 1 for all cases except g =2 mm. The linear range was also found to be a
nonlinear function of g. It equaled g at g =2 mm, and was smaller than g at all other
values in Table 1. Maximum density error was observed outside the linear range
(Figure 4), and this error increased with decreasing g, except at the optimal value g
= 2 mm. These results demonstrate that the proposed algorithm can effectively
determine both the maximum linear range and the minimum density error (residual).
This analysis is particularly valuable in applications requiring high measurement
accuracy—such as the density-based differentiation of cancerous and healthy
cells—where the acceptable error margin is typically below 10kg/m? [41].
The presented example further illustrates that, with appropriate selection of
magnetic parameters and gap distance, linear approximations can be reliably used
to measure density with negligible error.

Table 1
Linear approximation parameters of f, and maximum density errors
g b rmse Linear Maximum Maximum
(mm) (f, = bz) (T?/m) range density error in density error
(10° T2m?) (mm) linear range ing
(kg/m?) (kg/m®)
19.2 1 2.1 7.2 184.8
3 63.9 1 1.5 6.7 53.6
2 112.1 0.57 2 6.5 6.5
1.5 143.8 1 1.4 7.5 13.3
Conclusions

In this study, a system of two rectangular prism magnets, placed face to face and
aligned at the same poles (essential in many magnetic levitation systems), was
examined. The product of the magnetic field and its gradient, £, and its linearity,
which is an important function to calculate magnetic force, was investigated at the
axis centered between magnets. Theoretical and experimental results are presented
to show the influence of the system parameters of magnet height, magnet thickness,
and air gap length on the magnetic field and £. in the target region. As a result, it
was found that it would be appropriate to choose both height and thickness values
higher than the gap length g to obtain reasonable f. and optimum linear range of f..
And for constant air gap value, height h can be selected much higher than g to
increase maximum f- in linear range. It was also concluded that it is possible to
increase f. value in the linear region by decreasing air gap or increasing height of
the magnets and choosing optimal thickness value. We believe that the study will
be especially useful for the magnet selection for several sensor and density
measurement applications, where the linearity of magnetic forces is considered.
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