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Abstract

The gravitational tunnel problem and its variation of a brachistochrone problem
were introduced by P. Cooper in his paper ”"Through the Earth in Forty Minutes”,
American Journal of Physics. The solutions of this problem revealed the parametric
equations of a hypocycloid. This finding was similar to the solution(the paramet-
ric equations of a cycloid) of the original brachistochrone problem. Following the
Calculus of Variations, we look for the solution of the brachistochrone problem of
the gravity train in different geometric settings, specifically, looking for the behav-
ior of the minimal-time paths, expecting to find a hypocycloid-type of curve. We
introduce the Finsler-Poincaré disk model, and substitute the Euclidean distance
with the Finslerian distance. Numerical calculations are made to provide a better
understanding of the curve.
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Chapter 1

Introduction

In this paper, we study the gravity train by P. Cooper, 1966[1]. Cooper, inspired
by Jules Verne’s Journey to the Center of the Earth, presented calculations for a
train going through the Earth in a frictionless tunnel. He suggested that it would
take about 42 minutes and only require gravity as fuel. There were several variations
of his solution, which gave an interesting insight into this kind of travel. At first,
he calculated the straight line from one point through the center to the other side,
and then by rotating the second half of the path to any point, he showed that the
calculations hardly change. If we can travel to any point, then it would be rational
to seek a straight path between the two points. Cooper showed that under gravity,
the time it would take the train to go through this path would be approximately the
same as the previous path through the center. And lastly, in pursuit of efficiency,
he introduced a ”"minimal-time path” problem, one similar to a brachistochrone
problem. That is, given two points A and B on a vertical plane, to find a curve
starting from A and reaching B in the shortest time under gravity[2]. In Cooper’s
case, the problem was trickier because he was working with a sphere, where the
”gravitational field was radial and not uniform” [1].

Cooper did not express an explicit solution to the latter, instead, he presented
computer solutions in a view of a graph with several examples of the curve, it would
take the train to travel between two points in the shortest time under gravity[1].

Several publications followed this one right away, suggesting modifications to
the article. Some of them suggested explicit solutions to Cooper’s brachistochrone
problem[3]-[5]. They referred to the Calculus of Variations and based their solutions
on the Euler-Lagrange equation.

The simplicity of this model gives an elegant solution to the brachistochrone
problem in light of a hypocycloid[3]-[5]. Regardless, it raises questions about the
model. Our attention focused on how the calculations to the brachistochrone prob-
lem would behave in other settings of this model. In hopes of breaking out of the
euclidean geometry, we look for a solution in a Finsler-Poincaré disk model[6].

3



By changing the geometry, we replace the Euclidean notion of distance with the
Finslerian distance|6]. In these settings, we will receive more complicated expres-
sions. Following the result of Venezian, we will look for a solution to this brachis-
tochrone problem[5]. The main question would be whether the new parametric

equation is still behaving as a hypocycloid.

1.1 Literature review

The idea behind the gravity tunnel has been around before P. Cooper presented
his calculations in 1966 [7][8]. Kirmser points out the fact that the time it takes to
travel through the gravitational tunnel between any two points on the Earth was
known back to 1898 [7], referencing a couple of old papers and books that mention
these calculations. Cooper at the same time, confirms that a paper came to his
knowledge, which describes the 42 minutes travel. The paper was entitled ”"De
Paris A Rio-Janeiro en 42 minutes 11 secondes”, from the journal La Nature [1].
Further commentaries to the paper included explicit solutions to the brachistochrone
problem of Cooper|3][4][5]. All solutions were based on the Calculus of Variations.

Venezian’s, and others, comments that the solution to the problem could be ex-
pressed using elementary functions[b|. Starting from conservation of energy following
to the relation of the brachistochrone problem with the Euler-Lagrange equation,
and showing the parametric equations of the solution. Venezian concludes by iden-
tifying the curve as a hypocycloid. He and Mallett noted that the exact solution is
a special case brachistochrone cycloid[4]. Although Mallett also refers to the Euler-
Lagrange equation, he seeks a different approach to the solution. In the end, it
leads to a description of the parameters in more depth, unlike the previous solution.
Interestingly, Mallett provides another fact that might intrigue the reader, in both
variations of the brachistochrone problem ”the time required to reach the lowest
point” - of the minimal-time paths - ”is the same as the time required to start from
rest at any intermediate point of the path to descend to the lowest point” [4]. Laslett
repeats almost the exact solution of Venezian but offers an interesting suggestion[3].
As it would be evident from the next chapter, the speed gained at the lowest point
of the minimal-time curve (a hypocycloid) would highly affect the passengers of the
gravity train. Laslett questions the reader what would be the g-force experienced
by these passengers|3].

Another, more recent, comment on Cooper’s gravity train was provided by M.
Selmke [9]. He notes that, even though the papers commented on the lack of refer-
ences to the 42 minutes path through the Earth, the idea of a gravity tunnel goes
even further away in history. The tunnel through the Earth has been around since
about the 2nd century AD [9]. Selmke claims, that the tunnel was mentioned by
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many since then, including Galileo. He especially describes that based on the ex-
perimentation with constant gravity, Galileo should have achieved the transit time
of 54 minutes.

E. Parker in his paper [10], considers relativistic cases of gravity trains. He
points out, that a particle going through the uniform Earth with a radial force of
gravity takes an unrealistic harmonic oscillation, in other words, the properties of
a hypocycloid are not relativistic as the initial model was highly simplified for this
problem. He presents two ways to introduce the problem to relativistic settings. For
the first case, he incorporates the particle into the Special Relativity, and for the
second case, he incorporates the particle into the General Relativity[10]. In both
cases, the property of a hypocycloid turns into something a lot more complicated,
he explains. The relativistic harmonic oscillation is explained in the following way, a
"relativistic particle spends almost all of its proper time near the turning points, but
almost all of its coordinate time moving through” the Earth[10]. In other words,
the time observed within the place of the particle motion is perceived mostly at
the turning point of oscillation, whereas, the time observed away from the particle
motion is perceived mostly throughout the Earth tunnels.



Chapter 2

Formulation of the problem

In this chapter we will look closer to the Brachistochrone problem. We will see
its connection to the gravity train by Cooper [1]. And, in the end, we will see the
model of our problem and the minimal-time path, that we are looking for.

2.1 Brachistochrone Problem

The brachistochrone problem was initially suggested in 1696 by Johann Bernoulli|2].
Erlichson explains that later in 1697, Bernoulli published his solution, which initially
used ”Fermat’s optical principle of least time”[2]. The brachistochrone problem is
one of the foundations of the calculus of variations, nowadays, the solution is based
on the Euler-Lagrange equation(or Beltrami equation)[11], [12]. Let us see the con-
struction of the problem and its calculations.

We follow the construction of the problem by Grasmair and then calculations by
Fischer|11], [12]. Grasmair suggests the following mathematical model, we have two
points A = (0,0) and B = (a,b) on a plane, and we want to find a path, on which an
object would slide from A to B in the shortest time, regardless of any friction(Figure
. Assume a > 0, so that B is to the right of A, y points downwards and then
b>0 [11].

Figure 2.1: Sketch of the brachistochrone problem.



Now we are looking for the path in the form of a curve as following

o (y(l‘))

with y : (0,2) — R satisfying y(0) = 0 and y(a) = b. Grasmair claims, that this
eliminates a major part of possible paths, not including our optimal solution. Now
we are not looking for a path from A to B, but for a function y on (0, a) satisfying
boundary conditions. He notes that we will always assume that the optimal solution
satisfies y(z) > 0 for all z|11].

Now we are deriving a formula for the travel time of an object from A to B given
the function y, and according to Grasmair [11], due to conservation of energy, the
following holds

v(z) = /2gy(x)
for all x (where g is the gravitational acceleration).
We denote by s(z) the length of the path from 0 to (z,y(z)), s.t.

:/ V1+y(2)dz.
0
Next, the length [ of the whole path is

:/Oamdm.

We switch from variable x to t. By definition of velocity

ds
. it 1
ds  wv(s)

Consequently, by denoting the total travel time by T, Grasmair obtained

T:/OTdt:/OLU(S / ﬁmdx

Thus, we formulate our problem as the minimization of the functional

/ Vityl? (2.1)
V2gy(x)

with constraints y(0) = 0 and y(a) = b [11].
If we consider I’ to have the form



with some function L defined on 0[207&]. In this case, L is

1 + y/2
29y

L(z,y,y') =

This leads us to an Euler-Lagrange equation|11].

oL d (OLY\ 0

or dx \ox')
Notice that the integral of (2.1)) does not depend directly on variable z, therefore,
we can apply Beltrami Identity [12]

L—y—=C (2.2)

where C' is a constant.
Substitute and the resulting equation is

1+y2 1, 20y \ ¥
-5y 2] o =C.
2gy 2 L+y”=) gy

1
A+y™)y =50 =+

According to Fischer, this equation is well-known and the solution is a cycloid[12].

Simplification gives

The parametric equations are

+(6) = %kQ(G ~ sin)

y(0) = %k‘z(l — cos @)

These parametric equations are shown in the Figure 2.2 It means that our solution
would follow a cycloid to reach point B in the shortest time possible under the
gravity.

Cooper, in his findings |1], offers another variation of the Brachistochrone prob-
lem, the next chapter covers everything about it.

2.2  Gravity Train

The solution P. Cooper provided for the gravity train gathered a lot of attention
due to the relation to the brachistochrone problem. In his approach to a brachis-
tochrone problem, he was not successful in representing the solution using elemen-
tary functions. This is why, the papers that followed pointed out the exact solutions
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Figure 2.2: Sketch of a cycloid.

to his differential equation|3|—[5]. We break down Cooper’s model and the modifi-
cations, which followed the original paper.

The model is described in the following way. By making passages through the
Earth, Cooper suggests that it would be possible for men to rapidly travel in-between
continents[1]. The tunnels have to be friction-less, so that an object would travel
only under gravity, in no expense of any fuel. The Earth is considered to be a
sphere with uniform density, radius R = 3955 miles (~ 6365 kilometers), and surface
gravitational constant g = 32.16 ft/sec? (= 9.81 m/sec?). The radial gravitational
force field is f = —rmg/R, where r is radial distance from the center, and m is
mass. And then the idea is simple, Cooper explaining, fall into the hole on one end,
exchange the gravitational potential energy to motion, reverse the exchange, and
then stop on the other side of the passage[l].

Now, we go straight to Cooper’s calculations|1]. We consider a straight line AC
through the center O of the Earth. Starting from the surface, the velocity is

v = %(R2 - T2)7
with its maximum, at the center O, v/gR = 17700 mph (=~ 28485 kph). According

to Cooper, the free-fall time for this path AOC' is

T = E ~ 42.2min.
V g

Next, Cooper considers a different path AOB, where B is any other point on
the Earth. The traveling time remains the same, but the tunnel would need a
sufficiently smooth curve in the center O, so that the train does not crash[l]. In
case of a straight path from A to B, Cooper claims that the time T is again ~~ 42.2
minutes, regardless of points involved (Figure .

Now, Cooper considers that the line OB is perpendicular to path AOC [1]. He
suggests, that if we put a point D on the surface in-between two points B and C'
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Figure 2.3: Sketch of the tunnels for the Gravity Train with a hypocycloid(red).
Adapted from “Through the Earth in Forty Minutes,” by P. W. Cooper, 1966,
American Journal of Physics, 34, 68-70.

(Figure , then the transit time stays the same for paths AOC and AD. He puts
a point E in the middle of the line AD, and a point F' on the path AD where it
intersects with a bisector of the angle AOB. Then the line AF should be shorter
than then line AE of the line AF. If it takes T'/2 for the path AE, it takes even less
time for the path AF. Cooper notes that even though, the transit time for paths
AOB and AB does not change, the path AF B requires less time.

So, once Cooper finds a shorter path from A to B, he leads us to a brachistochrone
problem. He looks for the minimal-time path from A to B. Here, Cooper depending
on the Calculus of Variations, presents a differential equation for such path, more
precisely a curve. Unfortunately, he did not present an explicit solution[1].

Now, we consider G. Venezian paper regarding Cooper’s differential equation of a
curve[5]. Venezian pointed out that the solution ”can be given in terms of elementary
functions”. The solution starts again with the equation for the conservation of
energy, which gives us

v? = gR — gr’/R. (2.3)

Venezian considers a path r(6). Then the time minimization problem is

0aB 2 /2
t—/ ds / R(r ” do. (2.4)
T’

where 7’ stands for dr/df. It leads us to an Euler-Langrange equation

r2 4 2

L= R2 _ 2
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and since L does not depend directly on 6, we can use a Beltrami identity ({2.2))

oL
L—r—=C 2.5
r c%’ ) ( )
where C' is a constant, that can be expressed at radius r = p, where 7 = 0 (the
lowest point on curve r(f))
C=L(p,0) = ——2u (2.6)

Now rewriting (2.5) and substituting (2.6) gives a separable ordinary differential
equation, which leads to

p |R?>—r2dr
df = = | ———.
R\ r2—=p%>r

Venezian presents the solution to this equation as

2 _ 2 2 _ 2
§ = arctan (%\/ ;2 _';) — %arctan ( ;2 _i2> ) (2.7)

where 0 = 0 if r = p, and 0 = (1 — &) if r = R[5]. Then, the total angle between
two points is

Oap = 1(1 — %). (2.8)

Now, if we rewrite dt using r and dr, we get

2 A2
gt — JE=p ! dr.
Ry =)= 7)

The solution to this equation is

1 [R2 — p2 R% + p? — 212
t = 5 Rg arccos (R2——p? s (29)

where ¢ was also evaluated at the lowest point of r(6), which gives us the total travel
time between two points
R2 — p?

Rg
According to Venezian [5], from (2.7) and (2.9)) we get the parametric equations of
the trajectory

T=mr

R
0 = arctan (— tan wt) — ﬁwt,
p R

) 1 (2.10)
r? = §(R2 +p%) — §(R2 — p?) cos 2wt,
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where w = 7/T. Venezian states, ”these parametric equations represent a hypocy-
cloid generated by a circle of radius %(R — p) rolling at a constant speed inside a
circle of radius R” [5].

In the next section, we will introduce the model and the problem in question
itself.

2.3 Finsler-Poincaré disk model

We focus completely on a Finsler-Poincaré disk model represented by D. Bao
and others [6]. The example of such a model is called a Poincaré disk that is only
forward complete, we follow the construction of the model. We start on a Euclidean

open disk with radius 2 and center (0,0) in R?. We introduce polar coordinates

X =rcosf
Y =rsinf.

Thus, getting the manifold
M:={(X,Y)eR?: 7 = X+ Y% < 4}.

They proceed by establishing two more pieces of data, a Riemannian metric a and
a 1-form b defined globally on M, we get a Randers space [6]. They choose a as a
Poincaré disk (with constant Gaussian curvature -1)

1
0= ————[dr @ dr +r*df ® df)].

(1+12)2

This Riemannian metric was taken from B. O’Neill, where it is described in more
details [13]. And the 1-form b as

6:=d<log {jf,ﬂ) = (1+§)21—§)'

According to Yasuda-Shimada, ”a Randers space has constant negative flag cur-

vature —)‘72 if and only if” [14]
1) The Riemannian metric @ has constant negative sectional curvature —\?.
2) The 1-form b is exact and satisfies the system of PDEs

biws — bl = May; — biby).

Bao and others show proof for both statements|6], in the example A\ = 1. They
reduce the choice of f to only those with r dependece, and get the following two
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ODEs

f = 167

SCETRICED)

2r 16
frr - 4 — Ter - (4—7”2)2 - frfr-

The solution for the first eqaution
4+ 72
=1
f(r) =log [4—#] +C,

where C'is an arbitrary constant and ” f satisfies the second ODE identically” [6].
Now they construct the Finsler function, if V' is any tangent vector to M, then

F(V):=a(V,V) +b(V).
According to Bao and others, for this model the Riemannian norm of b has to be
less than 1 on M. They show that since 0 < r < 2, then
4r

44172
According to [6], it proves that the Randers F' is positive and strongly convex on
TM\O. And therefore, F' is a y-global Finsler metric.

For an arbitrary point on M, they expressed the tangent vector V' with polar

the Finsler function is

6] = <1

coordinates (r,0) as
V = 2 + 2
P T g

Then the Finsler function for V is

1 pr
F(V) = 72 p*+rig* + 72 AN
-7 (1= +5)
According to computer calculations, this F' has constant negative Gaussian curvature

)

Now we consider the Geodesics of our Randers space. According to Bao and
others, our geodesics follow the trajectories of a Riemannian metric a|6]. These
trajectories are well-studied by O’Neill, according to [13], they are the Euclidean
straight lines that go through the origin and the circular arcs that intersect the
boundary of the Poincare disk under the Euclidean right angles.

Based on what we studied, the question we are looking for an answer to is
whether the solution to the time-minimization problem for the gravity train would
behave similarly in the newly introduced model of the Finsler-Poincaré disk. We
start with the time minimization problem ([2.4)) and the conservation of evergy .
Substituting the Euclidean measure of distance with Finslerian arc length of some

curve ¢ that goes from A to B:
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Chapter 3
Calculations

In this chapter, we show the calculations of a brachistochrone problem on a
Finsler-Poincaré disk. By changing geometry, we use Finsler distance, instead of
Euclidean distance, and evaluate the path between two points on our model. The
expressions should be more complicated, we might not get explicit form. In that
case, we will either use computer calculations to analyze the solution or examine
the problem in Riemannian geometry(weaker setting).

3.1 Construction of the ODE

We continue from the last equation we obtained in the previous chapter (2.11)).
Substituting the Euclidean measure of distance with Finslerian arc length:

_ /GAB T’2 i 7"2 r'r "
—7“2 1- (1—;—2)(1+;—2)
/‘)AB r'2 4 7"2(R2 +7r?) + R*r'r 0 (3.1)
r2(R4 r4) '

where 7’ stands for dr/df, for some curve ¢
c = (r(t)cos(t),r(t)sin(t))

and its velocity according to [6] as

de _dro  do o
dt — dtor  dt 09

C =

We can apply Euler-Lagrange equation to the integral (3.1]), where

\/W(R2 +7r?) + R*r'r
VR 2R — )

14
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And since L does not have 6 explicitly, we can reduce the problem to a Beltrami
equation (2.5). Finding

AL r'(R*+71%) + R*rvV/r + 12
o' 2 +r2/R? — r2(RY — 1)

gives us
oL r?
L—1r'— = =C
or V12 + 12/ R?2 — r2(R2 — r?)
where C' is once again a constant, that we express using r = p and ' = 0. We
obtain
p

VI = (7 =)

Now we can combine the last two equations
7“2 /Rz _ p2(R2 . p2) _ p\/,r.IZ + 7’2\/R2 _ TQ(RQ . r2)

And then we formulate a first order nonlinear ordinary differential equation

o 70\/7”2(1%2 :/)2)3 1 (3.2)

Following the calculations of Venezian and others[3][4][5], we tried to solve this
ODE by substitution and work out an explicit solution. Unfortunately, we were
not able to do so as the ODE is more complicated. This is why, we turned to
MatLab calculations, as the original problem by Cooper [1] also provides computer
representation of its differential equation. We have also made graphics in comparison
with other types of curves, hypocycloids and geodesics, for a better understanding.
The details are described in the rest of the chapter.

3.2 Parameters

Now, we will discuss the parameter specifications for computer simulations. We
based all solutions on (we used as the initial value) the parameter p, a minimum
radius our curve takes where " = 0, which is dependent on the parameters 645, the
total angle between two points A and B. This relation for all three types of curves
is different, but since we know only the dependence for hypocycloids and geodesics,
let us calculate 645 in such a way that p is the same for all three types of curves.
For convenience in this section, 05,, will stand as the total angle between two points
for the hypocycloid, and 6,4, will stand as the total angle between two points for
the geodesics.

15



Variables Values

R 2

¢ /6 /4 /3
R, 2v/3 2 2//3
O ge0 27/3 /2 /3

p 4-2¢/3 | 2v2-2 2/V3
O | 7(vV3-1) | (2= v2) | 7(1 - 1/V3)

Table 3.1: Parameter values for computer simulations.

The dependence for the hypocycloid was shown in the gravity train problem
and it is easily computable. The formula is

P
Oap =m(1 — E)
Following Cooper’s idea behind the shortest path between two points|l], we
looked into some geodesics of our model. As it was mentioned previously, the
length-minimizing trajectories of the Finsler-Poincaré disk model are the same as
the geodesic trajectories of the Poincaré disk inside the model[6]. O’Neill discusses
these geodesics more closely [13], he explains that they are the circular arcs that
intersect the rim of the Poincaré disk at the right angles, which in our case directly
influence 645. Consequently, by studying the parameters of these geodesics, we were
able to visualize them in the next section.
The dependence for the geodesic is a bit trickier, so, let us focus on it. This rela-
tion is developed in the following way. O’Neill claims the following, p is dependent
on R and R.,

p:\/WRz—RC

R.= Rcot ¢

where R is the radius of our model and R, is the radius of the circle that intersects
the rim of the Poincaré disk at the right angles. ¢ is a half of the total angle between
two points on the above-mentioned circle[13], and here comes our dependence on
O eo-

T Ogeo
=57y

We choose ¢ s.t. cot ¢ are known values. Then we calculate Rs, 84, and finally p.
All these values are represented in Table [3.1

Once we found our desired p, we substituted its values to our solution of the
ODE (3.2) and to the parametric equations ([2.10]) of hypocycloids using (2.8)).
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Figure 3.1: Solution of minimal-time paths with several starting points.

3.3 Simulations

In this section, we examine the behaviour of the path in our Finsler-Poincaré
disk. The original problem in Cooper’s paper has some elegant properties and we
would like to see what happens with them under different circumstances [1]. Even
though, we were not able to identify the minimal time curve, the simulations of our
ODE help us to study this curve more closely.

A program has been developed using MatLab built-in functions for calculations
of Ordinary Differential Equations. We were able to simulate the behavior of our
ODE (Fig. . Additional graphics were produced for a visual analysis of the
solution.

Figure is a comparison of our solution with the curves of hypocycloids, the
solution to the Cooper’s brachistochrone problem. We used the parametric equa-
tions provided by Venezian to reproduce the hypocycloids. Initially, we were
examining if the minimal time curve in different geometric setting would be a type
of a hypocycloid. The visual representation shows that the ODE does not behave
like a hypocycloid.

Figure |3.3] is a comparison of our solution with the curves of geodesics of the
Poincaré disk inside the Riemannian metric a. In a certain sense, it was expected
that the solution would not obtain the curves of geodesics since we are working on
a time-minimizing problem under the force of gravity. And as seen in the graphic,
the solution does not behave like a geodesic.

All graphics in this section were produced using MatLab, see the program code
in Appendix [A]
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Figure 3.2: Minimal-time paths(black) vs Hypocycloids(blue).

Figure 3.3: Minimal-time paths(black) vs Geodesisc(red).



Chapter 4

Conclusion

To obtain a solution to the time-minimizing problem of the gravity train in the
Finsler-Poincaré disk model, a measure of Euclidean distance was replaced with Fins-
lerian arc length based on the Finsler function of the model. After the construction
of our problem, a reduced Euler-Lagrange equation was established. Following the
Calculus of Variations, we obtained a first-order nonlinear ordinary differential equa-
tion. The behavior of the obtained ODE was studied under computer calculations.
After reproducing solutions for several curves of our ODE, we studied the parame-
ters of the curves. We compared them with the parameters of a known solution to
the gravity train, equations of hypocycloids, and with the parameters of a known
geodesic trajectory of our model. We found that our solution does not coincide with
a hypocycloid, which was the initial assumption of this study, and does not coincide
with a geodesic, which was expected since we are working on a time-minimization
and not on a length-minimization problem. The computer-generated graphs show
support for this statement. Despite, the lack of explicit solutions, simulation of our
ODE provides useful information regarding the analysis of the curve.

Since further studies of our ordinary differential equations are required, we would
like to describe the details for the future development of this problem. The explicit
solutions could be retrieved using the Calculus of Variation, a simplification of the
model to the Riemannian geometry might reveal some helpful aspects. After that,
substitution to the minimal-time integral would reveal the parametric equations of
the curve, at this point one might identify the curve if possible. Another way, to
achieve this, could be to analyze the solution of the ODE by numerical methods,
e.g. using polynomial interpolation to study the properties of the curve.
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Appendix A

Program

The following program produced Figures The parameters were estimated
according to Table see the description in the Section [3.2] By choosing the
desired curve, one should comment and/or uncomment three parts of the code. The
functiones called in the program are also included in this Appendix [A] see them

below.
R1 = 2.0;
g = 9.81;

phi = [pi/6 pi/4 pi/3];
R2 = Rl .x cot(phi);
theta = pi/2 — phi;

C = sqrt(R1°2 + R2.72);
rho = C — R2;

for i = 1:3
% MY ODE SOLUTION
setRho(rho(i));
y0 = getRho + 0.000001;
[T, Y] = ode45(’ODE’, [pi/2 pi/2+theta(i)], y0);

polarplot (T, Y, ’'k—', LineWidth’ ,2);
hold on
polarplot(—T, —Y, ’'k—’,’LineWidth’ 2);

% GEODESICS
t = linspace (3+pi/2, 3*pi/24+phi(i));
T = R2(i) .x cos(t);

N N X
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end

y =C(i) + R2(i) .* sin(t);
[T2, Y2] = cart2pol(z, y);

polarplot (T2, Y2, ’'r—', LineWidth’,2);
polarplot(—T2, —~Y2, ’r—’, " LineWidth’,2);

% HYPOCYCLOID
if i =3
t = linspace (0, 0.55);
else
t = linspace (0, 0.64);
end
w = sqrt(R1 * g) / sqrt(R1°2—getRho "2);
T3 = atan ((R1/getRho)s«tan (wxt)) — (getRho/R1)xwxt;
Y3 = sqrt (0.5«(R1°2+getRho "2) — ...
0.5%x(R1°2—getRho "2)+cos (2xw+t));

polarplot (T3 + pi/2, Y3, ’b— ", LineWidth ’,2);
polarplot(—T3—pi/2, Y8, ’'b—', LineWidth ’,2);

rlim ([0 2])
thetalim ([0 180])
hold off

The following function sets the global variable rho:

function setRho(r0)

global rho
rho = r0;

The following function returns the global variable rho:

function r = getRho ()

global rho

T

rho;

The following function returns the first derivative [3.2}

function yp = ODE(t, y)

R = 2.0;
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rho = getRho;

yp =y * sqrt((y"2 * (R°2 — rho"2)"3) /
(rho"2 % (R"2 — y"2)"3) — 1);
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