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ABSTRACT

Since its introduction in the 19" century, the concept of Lie algebra has gradually evolved into
an important tool in the study of local group actions on smooth manifolds. When we have a local
group action on a smooth manifold, we obtain a Lie algebra of vector fields from which we can
reconstruct the local group action. As a result, the Lie algebra is more easily accessible than the

group.

In this study the concept of Lie algebras is introduced from an algebraic point of view. The focus
here is on introducing the concept of a Lie algebra and its basic properties, as well as identifying
common concrete examples of Lie algebras.
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Chapter 1

Introduction

Sophus Lie introduced Lie algebras in the 19*" century as algebraic structures used to study the
concept of infinitesimal transformations, also known as Lie groups and their associated Lie alge-
bras. The tangent space of a Lie group at the identity element has the natural structure of a Lie
algebra which is known as the infinitesimal group.

Sophus Lie began researching on all possible local group actions on manifolds in the 19*” century.
His plan was to investigate the action infinitesimally. If we have a local action by R on a smooth
manifold, it results in a vector field on the manifold which integrates to capture the action of the
local group. In the general case, we obtain a Lie algebra of vector fields, which allows us to recon-
struct the local group action. Because it is a linear object, the Lie algebra is more easily accessible
than the group. As a result, before classifying all group actions, one should first classify all finite
dimensional real Lie algebras. The gradual evolution of Lie’s ideas demonstrated the importance
of determining all simple Lie algebras.

This study aimed at introducing Lie algebras, with topics ranging from basic definitions and exam-
ples of Lie algebras,to solvable and nilpotent Lie algebras and their representations, to the theory
of root systems and classification of simple Lie algebras of finite dimension. This study helps us
to appreciate the fact that working with Lie algebra is much easier than working directly with the
corresponding Lie group.

The classical algebras play an important role in the study of Lie algebras. In this study we will use
them to identify simple Lie algebras, derive isomorphism and determine the solvability of simple Lie
algebras. The study of Lie Algebra needs an in-depth understanding of linear algebra, ring theory
and group theory. Unless otherwise stated, our basic definitions for the introduction Chapter was
derived from the book Lie algebras of finite and affine type by Roger William Carter. [Car(5]



Definition 1.0.1 (Associative algebra). An algebra A is said to be an associative algebra over
a field F, if A is a vector space over I together with a F-bilinear multiplication A x A — A such
that the associative law holds:

(zy)z =2(yz) Vaz,y,z € A
Bilinearity is defined as follows:
(z+y)z=zz+yz a(y+2z)=zy+azz
(cx)z = c(x2) z(cz) = c(xz)

For all z,y,z € A and c € F.

If we have an identity element 1 in A such that z1 = 1z =z Vz € A, then A is called a unitary
associative algebra. This kind of algebras contains all elements a of the field F by identification
with al.
Example 1.0.2. Examples of associative algebras.
¢ Complex numbers over the real numbers form a 2-dimensional unitary associative algebra.
e n X n square matrices with entries from the field F form a unitary associative algebra over F
o Polynomials with coefficients from any field F form a unitary associative algebra over F.
Next we define the binary operation [x, *] called the Commutator.

Definition 1.0.3 (Commutator). The commutator of two elements
z and y of an algebra is defined as

[z, y] = zy —ya.
Claim 1.0.4. The commutator has the following properties:
1. Alternativity: [z, x] = 0.
2. Anticommutativity: [z,y] = —[y, z].
3. Jacobi Identity: [z, [y, z]] + [y[z, z]] + [z, [z, y]] = 0.

Proof: Alternativity: [z,z] = 0.
[z,y] = 2y — yz,

hence
[z,2] = 2z — 22 = 0.

Anticommutativity:
0=lr+yz+yl =z 2]+ [z,y +y2] +[y,9]

since [z,2] =0 and [y,y] =0
0+ [z,y] + [y, 2] +0=0

hence
[1’7 y} = _[yv $]



Jacobi Identity: [z,[y,z]] + [y[z, ]| + [z, [x,y]] =0

[[zy]2] + [ly2l] + [[zaly] = (zy —yx)z — 2(zy — yz)
+ (yz — z2y)e — x(yz — 2y)
+ (zz —z2)y —y(ze —xzz) =0

There are some important algebraic structures which do not satisfy the associative law. These
algebraic structures are called non-associative algebras.

Definition 1.0.5 (Non-associative algebras). An algebra A is said to be a non-associative
algebra over a field IF if A is a vector space over a field F together with an F-bilinear multiplication
operation A x A — A which is not assumed to be associative. That is, associativity does not
necessarily hold.

So far we have defined associative algebras, the commutator, non-associative algebras and their
properties. With this information we can now define Lie algebras as follows.

Definition 1.0.6 (Lie algebra). A Lie algebra is defined as a vector space V over a field F
together with an operation [,] : V x V' — V known as the Lie bracket satisfying the following
conditions:

1. [ax + by, z] = a[z, 2] + by, 2]
2. [z,2]=0
3. [, [y, 2] + [ylz, 2]] + [z, [#,y]] = O
4. [z,yl = [y, 2]
Va,b € F and all elements z,y,z € V.

Theorem 1.0.7. Alternativity and bilinearity imply anticommutativity and If char F # 2 then
anticommutativity implies alternativity.

Proof: We first prove that condition 2. implies condition 4. provided condition 1. holds.

= +yz+y
= [z +yl+ [y, +y]
= [z, 2] + [z, 9] + [y, 2] + [y, 4]
= [z, 9] + [y, 7]
since [z,2] = 0 and [y,y] = 0. Therefore, [z,y] = —[y,2z]. This shows that alternativity and

bilinearity together imply anticommutativity.

If char F # 2 then

[,2] = —[z, ]
implies
2[x,x] =0,
hence
[z,2] = 0.

10



Remark 1.0.8. Any associative algebra becomes a Lie algebra with the commutator as Lie bracket.

We now look at examples of Lie algebras.

Example 1.0.9 (Abelian Lie algebras). A Lie algebra L is said to be Abelian if

[,y =0 Va,y € L.

For example let = and y be 3 x 3 upper triangular matrices given by

01 0 00 1
z=10 0 0], y=1]0 0 0
00 0 00 0

Then the vector space spanned by x and y is an Abelian Lie algebra with respect to the usual
commutator since

[z,y] =2y —yz =0

as it can be easily checked.

Let’s consider the 2 x 2 matrices

2 4 4 —4
R A ]
We also check that it satisfies the Abelian Lie algebra condition under the commutator, that is,
[A,B]= AB—BA=0.

Example 1.0.10 (General linear Lie algebras). Let F be a field, n a positive integer. The
general linear algebra denoted by g, (F) comprises of all n x n real matrices with the commutator
serving as the Lie bracket.

Let V be a vector space of finite dimension over a field F and let gi(V') be the Lie algebra of the
linear transformation V' +— V with the commutator. Then we identify the Lie algebra ¢i(V') with
set n x n matrices gl,(F), where n is the dimension of V.

Definition 1.0.11 (Trace of a square matrix). This is the sum of elements on the main diag-
onal of an n X n matrix A.

tr(A) :Zaij =a11 + a2 + -+ anp

i=1

where a;; denotes the entry on the ith row and jth column of A.

11



Example 1.0.12 (Special linear Lie algebras). Let F be a field, n a positive integer. The special
linear Lie algebra denoted sl,,(F) consists of n x n matrices with trace 0 with the commutator as
Lie bracket. This is indeed a Lie algebra since when both x and y are n x n matrices, the trace of
the commutator of z and y vanishes because:

tr(zy) = tr(yx)
and t¢r is linear.

Example 1.0.13. Heisenberg Lie algebra. A Lie algebra # is called Heisenberg Lie algebra if
it can be represented by the space of 3x3 matrices of the form:

o O O
o o Qe
S 0

where a,b,c € R. The following 3x3 matrices form a basis for H:

010 00 0 00 1
er=10 0 0|, e2=10 0 1|, e5=1[0 0 0
000 00 0 00 0

These matrices satisfy the following commutator relations:

le1,e2] = e3; [e1,e3] =0; [ea,e3] =0.

Definition 1.0.14 (Derivation). Let A be a (non-associative) algebra. A map D € gl(A) that
satisfies the condition
D(ab) — D(a)b —aD(b) =0

for all a,b € A is a derivation of A.

Derivations of the Heinsenberg Lie algebras. Consider the Heisenberg Lie algebra H. Let
H = <€1,€2763>7

where
0 1 0 0 0 O 0 0 1
epr=10 0 0], es=10 0 1|, e3= (0 0 O
0 0 O 0 0 O 0 0 O

are a basis.

Let D : H — H be a derivation. Then it has to satisfying

D([z, y]) = [D(x), y] + [z, D(y)]

for all z,y. Then since this condition is linear in x and y, we only have to check it for a basis H

Let

12



ai as 0 b b3 0 ¢ c3
0 ax|=A, ea—> |0 0 by| =B, e3—~ |0 0 co| =C.
0 0 0 0 O 0 0 O

0

er — |0
0
r=e€, Yy=e2

le1,ea] = e3— C

[A, 62] + [el,B] = (Ae2 — €2A) + (elB — B61)

0 ay; as 0 0 O 0 0 0 0 ay; as
=10 0 a2 00 1] —1(0 0 1110 0 a2
0 0 O 0 0 0 0 0 0|0 0 O
0 1 0] [0 b bs 0 b b3l |0 1 O
+10 0 0] |0 O bayf—1]0 O b2 (O O O
0 0 00 O O 0 0 0](0 O O
0 0 a 0 0 be 0 0 a;+b
=0 0 0O[+(0 O O|=1|0 O 0
0 0 O 0 0 O 0 0 0

xr =e,y = esler,e3] =0

[A,e3] + [e1,C] = (Aes — e3A) + (e1C — Ceyq)

0(11(13 0 0 1 0010@1&3
=10 0 ag| |0 0 0| —|0 O Ol |0 0O wa
0 0 0 0 0 0 0 0 offlo 0 o
01 0][0 ¢ ec3 0 ¢4 e35] [0 1 0
+10 0 0|0 0 c|—]0 0 | |0 0 0
00 0/[0 0 0 0 0 ofl|0o 0 O

_OOCQ

=10 0 0| =0 = ¢3=0

0 0 0

13



T = e,y = esles,e3] =0

[B,63] + [6270] == (B€3 - 63B) + (620 - 062)

0 bl b3 0 0 1 0 0 O 0 Cc1 C3
=0 0 by 0 0 0J]—1]0 0 1[0 0 e
0 0 O 0 0 O 0 0 00 O O
0 0 O 0 C1 C3 0 C1 C3 0 1 0
+{0 0 1110 O c2f—1]0 O 2|0 O 1
0 0 0] (0 O O 0 0 01]0 0 O

=0 = ¢ =0.

I

o
coco
oo

1.1 Other methods of forming Lie algebras

We have seen how to create a Lie algebra L from an associative algebra A by using the commutator
as a Lie bracket. Following that, we will look at other methods for forming Lie algebras.

Lie Algebras of Derivations

Lie algebras are often formed as the algebra of derivations of a given algebra. This correlates with
the use of vector fields in geometry.

Theorem 1.1.1. The set of derivations Der(A) of an algebra A is a Lie subalgebra of gi(A).

Proof: Let us fix a and b. We find that the left hand side of the above equation is linear in D,
hence the set of endomorphism satisfying the above equation is a subspace. We also find that the
set of derivations is the intersection over all ¢ and b in A of these subspaces and hence it is a

subspace. Next we confirm that the bracket of two derivations is a derivation for all a,b € A and
D+,D5 € Der(A)

[D1, D3](ab) = D1(D2(a)b+ aD2(b)) — Da(D1(a)b+ aD; (b))
= D1 Ds(a)b+ Da(a)D1(b) + Di(a)D2(b) + aD1D2(b)
— DyD;(a)b — Dy(a)Ds(b) — Da(a)Dy(b) — aDaD1(b)
= D1D3(a)b — D2D1(a)b + aD1Dy(b) — aD2D4 ()
= [D1, D2](a)b + a[D1, D:(b)

Therefore the set of derivations is closed under the commutator and this creates a Lie subalgebra
of gl(A).

14



Lie Algebras via Structure Constants

Given a basis eq,...,e, of a Lie algebra L over F, the bracket is determined by the structure
constants Cj;i, defined by:

[ei, 6]'] = Z C’ijkek.
k

The structure constants must meet the obvious skew-symmetry requirement.
Ciik =0, Ciyr =0 and Cyjp = —Ciji

and a quadratic condition corresponding to the Jacobi identity.
Example 1.1.2. Abelian Lie algebra: Cjj;, = 0 for all possible i, j, k.
Example 1.1.3. Heisenberg Lie algebra: Ci93 = 1, C13 = —1, all the others are zero.

Example 1.1.4. siy(F) :

For the indices (1,1),(1,2) and (3,1) for ¢, j we have

le1,e1] = Ci11e1 + Crizea + Crizes =0
Nl ~—

~—
0 0 0
le1, e2] = Cha1e1 + Cragea + Craz e3 = €3
~—— ~—~— ~—~—
0 0 1
les,e1] = Car1 e1 + Coiz s + Corz €3 = —eg

15



Chapter 2

Ideals and Homomorphisms

Unless otherwise stated, information in this Chapter was derived from [Jac62] apart from the self-
made examples, definitions or exercises.

Remark 2.0.1. If X,Y are subspaces of a Lie algebra L, then [X,Y] denotes the span of all
vectors [z,y] where z € X,y € Y.

Definition 2.0.2 (Subalgebra). Let L be a Lie algebra. A subspace S C L is called a subalgebra
if and only if [S,S] C S.

Definition 2.0.3 (Ideal). A subset I of L is called an ideal of L if I is a subspace of L and
[I,L]CI.

Example 2.0.4. L< L. L itself is an ideal of L for all Lie algebras L.
Example 2.0.5. 0< L. The zero subspace is an ideal for all Lie algebras L.

Example 2.0.6. sl,(F)<gl,(F) where n,F are arbitrary. The simple linear Lie algebra is an ideal
of the general linear lie algebra.

Proof: Let x € sl,(F) and y € gl,,(F) then

[,y] € sl,(F)

Example 2.0.7. In the Heisenberg Lie algebras H we have the following ideals:

1. {0}.
<€3> <4 H.

N

<€2, €3> a4 H.

= W

(e1,e3) < H. Moreover,

o

(aey + beg,e3) < H for all a,b € R.
6. H itself.

16



where e, esand ez are 3 X 3 matrices satistying [1.0.13

Since eg is a multiple of any two non-trivial commutator, it must be contained in any non-trivial
ideal. Since the commutator of eg by every element of L is 0, the above are indeed ideals.

[es, e3] = [e2,€2] = [e2,e3] = [e1,e3] =0 and [e1, e2] = e3.

Definition 2.0.8 (Proper ideal). I <L is called proper if and only if L # I.

Theorem 2.0.9. Let L be a Lie algebra. Then [L, L] is an Ideal of L.

Proof: Let a € L,b € [L,L] C L. Then [a,b] € [L, L].

Example 2.0.10. We now classify the Lie algebras in dimensions 1 and 2.
dim L =1: L =TFa,[a,a] = 0. So the Abelian Lie algebra is the only one (up to isomorphism).

dimL = 2: We prove [L,L] C L. Let L = Fxz + Fy. By the linearity of the Lie bracket
[L,L] = F[z,y]. Hence

dim[L, L] <1,
so [L,L] ¢ L.

Case 1: dim[L, L] = 0. Then L is an Abelian Lie algebra.

Case 2: dim[L,L] = 1. Then [L,L] = Fb, with some b # 0. Take a € L\Fb. Then [a,b] €
[L,L], hence [a,b] = Ab and A\ # 0, otherwise [L,L] = 0. So replacing a by A\ la, we get
[a,b] = b. Hence we have found a basis of L with bracket [a,b] = b. This algebra is isomorphic to
the subalgebra

a f
o o] conm.
since for
o 1 0 b— 0 1
10 0 10 0
we have

[a, b] = b.

To understand and visualize Lie algebra homomorphisms we need the following definitions.

Definition 2.0.11 (homomorphism, isomorphism, monomorphism, epimorphism). Let
L1 and Lo be the Lie algebras over the field F. A map 6: L1 — Lo is called a homomorphism of
Lie algebras if € is linear and

Olz,y] = [0z, 0y] for all x,y € L.

17



A map 0: L; — Ls is called an isomorphism of Lie algebras if 6 is a bijective homomorphism of
Lie algebras.

If @ is a homomorphism of a Lie algebra L; into Ly then the set K of all those elements of L
which is mapped by 6 onto the 0 of Lo is called the kernel of the homomorphism 6 denoted by
Ker 6. Im 0 is the range of 6.

A map 0 : L1 — Lo is called a monomorphism of Lie algebras if 6 is an injective homomorphism
of Lie algebras, that is, its kernel is zero.

A map 0 : L1 — Ly is called an epimorphism of Lie algebras if 6 is a surjective homomorphism
of Lie algebras, that is Im 6 = Ls.

Example 2.0.12. Since an associative ring can be thought of as a Lie algebra using the bracket
[,y] = 2y — yx, any ring homomorphism will induce a Lie algebra homomorphism.

Theorem 2.0.13. Let 8: L; — Lo be a homomorphism of Lie algebras. Then the kernel of 6 is
an ideal of L1, I'm 6 is a subalgebra of Ly and Li/Ker 0 is isomorphic to Im 6.

Proof: Im 6 is a subalgebra of Lo because it is a subspace and for x,y € L4

[0(x),0(y)] = Olzy] € Im 6.

Clearly Ker 6 is a subspace of L1. Let x € Ker 6 andy € L;.

O, y] = [0(x),0(y)] = [0,0(y)] = 0

Therefore, [zy] € Ker 6 and so Ker 6 is an ideal of L.
We let z,y € L;. Then

0(z) =0(y) & Oz —y) =0
S x—y € Kerf
& Kerf+x=Kerf+y

This implies there is a bijective map 6(z) — Ker 6§ + x between I'm 6 and Li/Ker 6 . This
bijection is an isomorphism of Lie algebras since it is linear and given z,y, z € Ly, we have

[0(2),0(y)] = 0(2) « O[zy] = 0(2)
< Ker 0+ [zy] = Ker 0+ 2
< [Ker 0 +x,Ker 0+y|=Ker 0+ 2z

18



Chapter 3

Solvable and Nilpotent Lie
algebras

Unless otherwise stated, information in this Chapter was derived from [Hal03] apart from the self-
made examples, definitions or exercises.

Definition 3.0.1 (Derived series). Given a Lie algebra L over a field F, the derived series of L
is a sequence of ideals of L given by

LO =1 W= (L, L), L® — [L(l),L(l)], R AL [L(kfl)’L(kfl)],

where
LOorWor®@ 5. oLk

and
L+ — (k)

Lemma 3.0.2. Suppose [ is an ideal of L. Then L/I is Abelian if and only if I contains the
derived algebra L(1).

Proof:
LW =L, L) = ([z,yllz,y € L)

L/I Abelian <= [z+ L y+I]=[z,y]+1=1

hence
[z,y] e I «— LW

3.1 Solvable Lie algebras

Definition 3.1.1 (Solvable Lie algebra). A Lie algebra is called solvable if its derived series
terminates in the zero subalgebra:

L® =,

Example 3.1.2. For all Abelian Lie algebras.

19



Lemma 3.1.3. If L is a Lie algebra with ideals Iy, Iy, - , I, with
L=0Lh2o2h2L2 - 2In12In=0
and Ij_1 /I is Abelian for 1 < k < m then L is solvable.

Proof: We need to show that
L® c 1,
for k=1,2,--- ,m. Since L/I} = Iy/I; is assumed to be Abelian —> LW C I, by Lemmam
By induction suppose
LY cr
where k > 2.

The Lie algebra I_1 /Iy is Abelian. Apply Lemma to Iy_1 then
(Ii—)M C I

therefore
k-1, Ix—1] C I

but
L®) = (L= LD C [y, 1] C I,

hence L*) C I.

Let £k = m then
L™ cr1,=0

and therefore L is solvable.

Example 3.1.4. Heinsenberg Lie algebra. H = (eq,e3,e3) = L

le1,e2] =2 = LW = (z) = L@ =W L] =0

Proposition 3.1.5. Let ® : L; — Ly be a surjective homomorphism of Lie algebras. Show that
(L) = (L) ™.

Proof:
o([z,y]) = [¢(z), d(y)]

forally € L —2 32 € Ly such that ¢(x) = y. Now consider k = 1 then

LV =([z,y] |z,y e L)
S(LY) = (é([z,y]) |z,y € L)
= ([p(x), é(y)] | 2,y € Ly )
= ([p(x), (v)] | $(), d(y) € L1 )
=r{

hence
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Suppose inductively that d)(Lgk)) = Lgk) for kK = n then
(L) = (L1, LEM))

= [o(L™, (L))
_ Lén+1).

Thus by proof of mathematical induction the Proposition is proved.

Theorem 3.1.6. Let L be a Lie algebra and I C L be an ideal. If I is solvable and L/I is solvable
then L is solvable.

Proof: Suppose I C L is a solvable ideal, such that L/I is also solvable. Then L = 0 and
(L/1)™) =0 for some n,m. We consider the natural homomorphism

m:L— L/I
By the previous paragraph,

(L™ = (L/T)™ =0 therefore L™ CI.

Hence
(L)) = pm+n) (0 — g,

This means L is solvable.

3.2 Nilpotent Lie algebras

Definition 3.2.1 (Descending central series). Let L be a Lie algebra. The descending central
series of L is the sequence of subalgebras recursively defined by:

Lk+1 _ [L,Lk]

with
°=L, L'=[L,L], L?=[L, LY, ... ,L* =[L,L*1].

Definition 3.2.2 (Nilpotent Lie algebras). A Lie algebra L is called nilpotent if for some
k > 0, L*¥ = 0. This clearly shows that all subalgebras and all factor algebras of a nilpotent Lie
algebra is also nilpotent.

Example 3.2.3. Abelian Lie algebras L(*) = 0.

Example 3.2.4. An example of a nilpotent Lie algebra is the Lie algebra of strictly upper trian-
gular matrices over a field F. It is true in general, but we show it in the 3 x 3 case, which is again
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Heisenberg.

0 a b
H=<¢|0 0 c||abceF
0 0 0
We calculate
0 a b 0 =z y 0 0 az 0 0 cx 0 0 az—cx
0 0 ¢ 0 0 2z{=10 0 O0f—-1f0 O Of=1]0 0 O
0 0 O 0 0 O 0 0 O 0 0 O 0 0 0

0 0 az—cx 0 0 az—cx 0 0 O
0 0 0 0 0 0 ={(0 0 O
0 0 0 0 0 0 0 0 O

therefore L(®) = (0 = solvable. Then we check

0 =z vy 0 0 a 0 0 O
0 0 =z 0 0 0[=1|0 0O
0 0 O 0 0 0 0 0 0

Hence L? =0 = nilpotent.

Proposition 3.2.5. L* C L(¥ for all k.

Proof: We use induction on k to show that L) C L*. For k =1
LW=r - LWcrh
Then we assume L) C L* for k > 1. Consider L(*+1

L(k‘+1) _ [L(k),L(k)] C [L,Lk] — Lk+1,

Corollary 3.2.6. This implies that nilpotent Lie algebras are solvable.
However, solvable Lie algebras are not necessarily nilpotent, as the following example shows.

Example 3.2.7. Let L be the Lie algebra of the 2 by 2 upper triangular matrices. Then

L' = [L, L] = {strictly upper triangular matrices}.
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L? = [L, L] is the same. However

L® =LY, L] =o.

So this algebra is solvable but not nilpotent.

Theorem 3.2.8. Let L be a Lie algebra and I an Ideal of L. All elements of the descending
central series of [ is also an ideal of L.

Proof: Since I is an ideal of L, I = I is also an ideal of L. Assume I*~1) 4 L. We prove that
I* =[I,I* 'isanideal of L. Let z € L,y € I,z € I*¥~1.

[zlyz]] = —[ylza]] = [2[=y]]
€[y, I* Y + [2,1] since [z,2] € I* 1 [x,y] €T

[, I" Y 4 1", 1) since y e I,z € "}
— Ik71+1 _|_Ik71+1

=I5+ 1
=TI~

Thus I is an Ideal and all elements of the descending central series of I is an Ideal of L.

3.3 Representations of solvable and nilpotent Lie algebras

Definition 3.3.1 (Representation of a Lie algebra.). Let L be a Lie algebra and V be a vector
space. Let gl(V) denote the space of all linear maps of V to itself. gl(V) is transformed into a Lie
algebra by the commutator

[p,o] =poo—aop Vp,oegl(V).
p: L= gl(V),

where p is a linear map and satisfies the condition

p([z,y]) = p(2)p(y) — p(y)p(x) ¥ 2,y € L.

Definition 3.3.2 (L-module). An L-module is defined as the vector space V' together with the
representation p.

Definition 3.3.3 (Adjoint representaion of Lie algebras). Let L be a Lie algebra over a filed
F. Let « € L. The adjoint action of z on L denoted ad, or ad(z) is the map
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ady: L— L
with
ady(y) = [z,y]
for all y € L.

Example 3.3.4. slo(C) where we have a basis
oo fo 1 o o
‘00 —10" 27 o ol” BT |1 ol

The matrix of ad with respect to the given basis are:

00 0 0 01 0 -1 0
ade, =0 2 0|, ad,=|-2 0 0], ad, =10 0 0
00 —2 0 00 2 0 0

Then

Example 3.3.5. By the definition of the Heisenberg algebra we have:

0
, ade, = | 0
-1

ade, =

o O O
= o O
o O O
o O O
o O O

ade, is the zero matrix.

Definition 3.3.6 (Direct sum). A direct sum of Lie algebras Ly and Lo denoted L; @ Lo is the
vector space of all pairs (x,y) with € Ly and y € Lo. For (x1,y1), (x2,y2) € L1 & Lo, the Lie
bracket is given by

(w1, 22), (Y1,92))] = ([z1, 1], [72, y2)).

3.3.1 Representations of solvable Lie algebras

Let the base field F be the field C of complex numbers. Also let L be a finite dimensional Lie
algebra over C. We begin by considering a 1-dimensional representation of a Lie algebra L given
by the linear map

0 : L — C such that f[zy] = [0(x),0(y)] for allz,y € L
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Lemma 3.3.7. A linear map 0 : L — C is a 1-dimensional representation of L if and only if 0
vanishes on L2.

Proof: Let 0 be a representation. Then for z,y, € L we have

Olzy] = [0(x), 0(y)] = 0(x)0(y) — O(y)0(x) =0,
hence 6 vanishes on L2. In contrast, assume 6 disappears on L?. Then

Olay] =0 = [0(x),0(y)]
and hence @ is a representation of L.
Lemma [3.3.7] enables us to prove a theorem of Lie which shows that any irreducible representation
of a soluble Lie algebra is 1-dimensional.

3.3.2 Representations of nilpotent Lie algebras

The purpose of studying the results on representations of nilpotent Lie algebras is because it’s
important in helping us understand semi-simple Lie algebras.

Definition 3.3.8 (Jordan canonical form). This is a particular type of upper triangular ma-
trix’s representation of a linear transformation over a finite-dimensional complex vector space. Up
to the order of blocks, each such linear transformation has a Jordan canonical form.

Therefore any n x n matrix over C is similar to a diagonal sum of Jordan block matrixes of form

A1
Al 0
S
0 P
L A—

We also note that any linear transformation 6 : V' — V on a finite dimensional vector space V over
C gives rise to a Jordan decomposition of V.

Proposition 3.3.9. Let 6 : V — V and the distinctive polynomial
X)) =@F=A)™ME—=A)™2 . (E—A)™

where Ay, ..., A are the distinct eingenvalues of 6 and my, . .., mq are their Multiplicities in algebra.
Let V; be the set of all v € V' annihilated by some power of § — A\;1. Then we have

V=ViaV,o -V,

Moreover dim V; =m;, 6(V;) C V; and the characteristic polynomial of § on V; is (t — A;)™:.
[Car05)

The subspace V; is called the generalised eigenspace of V with eigenvalue )\;. Thus, the generalised
eigenspace contains the ordinary eigenspace of A;. It is not in general true that V is the direct
sum of its eigenspaces with respect to its different eigenvalues, but Proposition shows that
this result is true if the eigenspaces are replaced by the generalized eigenspaces.
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The importance of the decomposition into generalised eigenspaces for the representations of nilpo-
tent Lie algebras is shown by the following theorem.

Theorem 3.3.10. Let V be an L-module and L be a nilpotent Lie algebra. Let x € L and let

p(x) : V. — V be the map v — zv. All the submodules of V are the generalised eigenspaces V; of
V associated with p(x).

[Car05)

26



Chapter 4

Simple and semisimple Lie
algebras

Unless otherwise stated, information in this Chapter was derived from [Huml2] apart from the
self-made examples, definitions or exercises.

Definition 4.0.1. A Lie algebra L is said to be simple if it satisfies the following conditions:

1. dim L > 1, that is [L, L] # 0. Hence L is not abelian. Then we have

[L,L] = L.

2. The only ideals of L are 0 and L itself.

Definition 4.0.2 (semisimple Lie algebras). A Lie algebra L is called semisimple if it is iso-
morphic to a direct sum of simple Lie algebras.

Proposition 4.0.3. If L is semisimple then [L, L] = L.

Proof: We write L as a direct sum of simple Lie algebras, that is
L=Li®L®---DLy

with all L; simple. Then we compute the derived algebra L as follows.
k
(L, L] = & [Li,L;]
7,7=1
k
= D [LwLZ]
i,j=1
k

i,j=1

Hence the proof.

Lemma 4.0.4. ¢l,(F) is never semisimple.
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Proof: This is immediate since

Lemma 4.0.5. Solvable algebras are not semisimple.

Proof: This is immediate since

Proposition 4.0.6. Let I and J be solvable ideals of a Lie algebra L. Then I+ J is also a solvable
ideal.

Proof: Clearly I + J is an ideal. I 4+ J D I D 0 since [ is solvable and

U+J) . J

o~

1 nJ

is also solvable. We have I + J is solvable.

Corollary 4.0.7. If L is finite dimensional then it has a unique solvable ideal which consists of
all other solvable ideals of L.

Definition 4.0.8 (Radical of L). The unique largest solvable ideal in Corollary is called
the radical of L and denoted by Rad(L)

Proposition 4.0.9. If L is semisimple and finite dimensional then Rad(L) = 0.

Proof: If L is semisimple it implies that the adjoint module is semisimple. The adjoint module is
written as

L = @®Rad(L).
Then
[a, Rad(L)] = 0.
Therefore
L=I[L1I]
= [a,a] ® [Rad(L), Rad(L)] C a ® Rad(L)
=1L.

Hence Rad(L) is solvable = Rad(L) = 0.
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4.1 Examples of Simple Lie algebras

Simple Lie algebras over an algebraic closed field of char(F) = 0 can be classified as follows:

1. Special linear Lie algebra A,, = sl,,+1. This is true for only n > 1 since aq is the trivial Lie
algebra.

2. Special orthogonal Lie algebra B,, = s02,,41. This true for only n > 2 since b,, = a,, for n < 2
3. Sympletic Lie algebra C,, = sp,. This is true for only n > 3 since ¢, = b,, for n < 3.

4. Even-dimensional special orthogonal Lie algebra D,, = so0g,. This is true for only n > 4 since
dp = a, for n < 2 and n = 3 while dz = as ® az(which is not simple).

5. Exceptional Lie algebras. We have five of them. FEg, F7, Eg, Fy and Gs.

Proposition 4.1.1. sls is simple. Let

A= {CCL b} #0 € I<sly (char(F) # 2).

—a
1o Jo 1 oo
=00 110 27 o o] BT 1 o0

Let I be a non-zero ideal of sla(F). Let A € I. Then

—C a

[el,A]:(elA)—(Ael):{a b}_{“ b]:{o Qb]:BeI.

But

0 0 2]
[61,62]26162—6261:[0 ol 7 lo o :[ €l =2e €l

s}
s}

|
N
o

0 0 0
[61763]26163—63612{_1 ol 711 o :{ €l=—-2e3¢€l.

[ee]zee—eezlo—oozl 0 =e
2,€3 263 —€3€2= |y 0 1 0 —1 1-
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Therefore

<€1,62,63> g I7

where
(e1,e2,e3) = sla(F).

Hence I = slo(F) and sl (F) is indeed simple.
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Chapter 5

Cartan subalgebras

Unless otherwise stated, information in this Chapter was derived from [Bou89] apart from the
self-made examples, definitions or exercises.

Definition 5.0.1 (Normalizer). Let L be a Lie algebra and let H be a subalgebra of L. The
normalizer of H denoted by N(H) is

N(H)={x € L;[hx] € H} forall h € H.
Lemma 5.0.2. For each subalgebra H of L, N(H) is a subalgebra of L.
Proof: Let x,y € N(H) then by the linearity of the Lie bracket, N(H) is a subspace

[hlay]] = [lyhlz] + [[ha]y] € H.

Hence [zy] € N(H) and N(H) is a subalgebra.

Definition 5.0.3 (Cartan subalgebra). Let L be a finite dimensional Lie algebra over some
field F and let H be a subalgebra of L. H is called a cartan subalgebra if it is nilpotent and equal
to its normalizer that is if H = N(H).

Definition 5.0.4 (Null component of L). Let x € L and ad, : L — L be a linear map. The
null component of L with respect to x denoted Lg . is the eingenspace of ad, with eingen value 0.

Lo ={y € L; 3n such that (ad,)"y = 0}.

Definition 5.0.5 (Regular element). Let z € L. z is called a regular element of L if dim L
is as minimal as possible.

Lemma 5.0.6. Let L be a nilpotent Lie algebra and H C L a subalgebra such that H # L. Then
H C Np(H).
Proof: Consider the central series

L=L'>L*=[L,L]>L*-->L"=0.

The last equality is true for some n € N since L is a nilpotent Lie algebra. Take ¢ to be the maximal
possible positive integer such that L? ¢ H. Then we have 1 < i < n. However [Li,H|Cc L'"' c H
by the choice made of i. Hence L' C Np(H) which is not a subspace of H. We can therefore
conclude that H C Ny (H).
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Proposition 5.0.7. Let L C gl,,(F) be a subalgebra containing a diagonal matrix A = diag(as, ..., a,)
with distinct a;, and let H be the subspace of all diagonal matrices in L. Then H is a Cartan
subalgebra.

Proof: We check that H is a nilpotent Lie algebra and that N (H) = H. H is clearly Abelian
hence it is nilpotent. So we only have to check that H is equal to its normalizer Ny, (H) = H. Let

n
B= Z bijEij S NL(H)
ij=1
Then [A, B] € H for all A€ H. but
[A, B] = [Z%Elm Z bijEi]} = Z(ai —a;j)bijEij
k ij i

which will be non-diagonal if b;; # 0 for some i # j. Therefore we can conclude that B € H and
thus Ny (H) = H.

By Lemma [5.0.6|a Cartan subalgebra is a maximal nilpotent subalgebra. However the converse is
false.

To give an example, we first prove the following lemma.

Lemma 5.0.8. Fix [ > 0. Let ny be strictly upper triangular matrix. Let ns be a matrix where
all (i,i+t) entries are 0 if t = 0,1,...,l. Then the (4,7 + t) entries of n; - ne and ng - ny are 0 for
t=0,1,...,0+1.

Proof: Observe that the first 4 entry in the i*” row of n; is 0 and the only non-zero entries in the

4t column of ny are the first j — [ ones. Hence if i > j — [ — 1 then the (i, ) entry of n; - ny is 0

Then

1>2j—1-1 <= j<i+l+1

hence the claim follows for nins. See below example of such matrices.

Multiplying the two upper-triangular matrices "pushes' the first non-zero "diagonal" further up
until we get the zero matrix. See the example below.
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Exercise 5.0.9. Let L = gl,(F) with char F # 2. Let H = n+ FI, where n € N and N is the
subalgebra of strictly upper triangular matrices. Then this is a maximal nilpotent subalgebra but
not a Cartan subalgebra.

Solution: We first show that H is nilpotent.
hi=a1l+n, € H

ho = a9l +ny € H

where n; and ny are strictly upper triangular matrices. Then

[h1, ho] =
[h1, he] =

[nlvnQ]

[a1] + ny, (ZQI + TLQ]

[all (121} [nl,agl] + [all, ng} + [nl,ng]
=

ni, n2]

By lemma the (4,7 + 1) entry of this matrix is 0.
Then we proceed by induction. Let h € H and n be a matrix whose (7,7 +t) entries are 0 for ¢ < [.

Then by lemma and the first part of this proof [k, n] has one more zero diagonal. After n —1
steps we get the 0 matrix hence H is nilpotent.

Assume H is not maximal, that is, H C L where L is nilpotent. Then Ny (H) 2 H where N (H)
is nilpotent.

We calculate Ni,(H). Let A € N (H). We calculate the commutators (Lie brackets) of A by E;;,
where 7 < j. We perform the precise calculations for F15. Then

[A, B3] = AE 5 — E19A

[0 ail - -
a1 a2z 423 ... a2n

a21

A-Ep — EpA = : O - O

10 an1 - -
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21 ai;p —az2 —a23 ... —Aa2n
0 —ag1
) 0 |
L 0 —Qnl i
Hence we have
asl,-.-,0n1 =0

—agy =as1 — az; =0

Performing the same calculations with Ea3, F34, ..., E(,_1),. We obtain that A is an upper trian-
gular matrix.

Conclusion: Ny (H) = is the set of upper triangular matrices.

We claim Ny (L) is not nilpotent. Moreover if K = (A, H) is nilpotent, then A = al is a scalar
matrix.

Fix 7, j such that a; # a;. F;; i < j. Then

(A, Eij] = (ai — aj) Eyj.

K'=[K,K] > Ej;.
K?=[K,K'] 5 Ej;.

Hence E;; € K' for each t and so K* # 0 for all . We can therefore conclude that H is not Cartan.

5.1 Derivations and automorphisms

We recall that. A derivation on a Lie algebra L is a linear map 6: L — L such that the following

condition is satisfied, that is
6([z,y]) = [6(x), 4] + [=,6(y)]

for all x,y € L.
The inner derivation on any = € L is the adjoint mapping defined by:

ad;(y) = [z,y],

which is the derivation as a result of the Jacobi identity.
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Outer derivations on L are derivations which do not come from the adjoint representation of
the Lie algebra L.

Lemma 5.1.1. Let I <L be a Lie algebra ideal. Then the adjoint representation ady, of L acts as
derivations on I since [x,i] C I for any € L and ¢ € I.

Example 5.1.2. Let B,, be a Lie algebra of upper triangular matrices in gl,,(F). B,, has an ideal
N, of strictly upper triangular matrices. The commutator of elements in B3 and N3 gives:

a b c 0 =z y a axr ay+bz 0 dr ex+uyf
0 d el, [0 0 2z[|= |0 0 dz - 10 0 fz
0 0 f 0 0 0 0 0 0 0 O 0
[0 (a—d)z (a— f)y —ex +bz
= |0 0 (d—f)z ;
0 0 0

this shows there exists outer derivations of Bz in Der(Ns).

5.2 Conjugacy and Decomposition of Cartan subalgebras

Definition 5.2.1 (Conjugacy of Cartan subalgebras). Let L be a Lie algebra. Given an
element x € L it can be shown that any Cartan subalgebra is the null component (Lg,) of an
element z € L. Then given two regular elements in L their null components are conjugate in L.

Definition 5.2.2 (Rank of a Lie algebra). The dimension of the Cartan subalgebra H of L is
called the rank of L.

Proposition 5.2.3. For a semisimple Lie algebra L over an algebraically closed field of charac-
teristic 0, the Cartan subalgebra H has the properties.

1. H is abelian.

2. The image ad g of the adjoint representation ad : L — gl(L) consists of diagonizable matrices.

Proof of property 1 of proposition[5.2.3} A semisimple Lie subalgebra is automatically abelian over
an algebraically closed field. A Cartan subalgebra can thus be defined as a semisimple subalgebra
over an algebraically closed field of characteristic zero.

Example 5.2.4. Examples of Cartan subalgebras.
1. If a Lie algebra is nilpotent, then it is its own Cartan subalgebra.

2. For sl,(F) and gl,(F) the diagonal matrices form a Cartan subalgebra. This follows from

proposition [5.0.7
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Let L be a Lie algebra and H a Cartan subalgebra of L. We consider L as an H-module. By
Theorem [3.3.10| we have a decomposition of L into indecomposable summands given by

L=H®o(®...Ly).

Here, H is the 0 component and L) belongs to a 1-dimensional representation A : H — C.

More precisely, Ly consists of elements of L which are annihilated by some power of ad, — AI for
allz € H.

Definition 5.2.5 (Roots, Cartan decomposition). The 1-dimensional representations A\H —
C occuring in the above decomposition of L are called roots of L.

The subspaces Ly are the weight subspaces or root subspaces of H in L.
The decomposition
L=H® (®...Ly).

is called the Cartan decomposition of L with respect to H.

Proposition 5.2.6. For a simple Lie algebra each L) is indeed 1-dimensional.
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Chapter 6

The Killing form

Unless otherwise stated, information in this Chapter was derived from [Car05] apart from the self-
made examples, definitions or exercises.

Definition 6.0.1 (Adjoint map). Let (L,[, ]) be a complex Lie algebra and « € L, then define.

ad,: L— L
L ad,(L): =z, L],
or simply ad,: = [z,-] is called the adjoint map with respect to = € L.
Let L be a Lie algebra and x,y € L. The Killing form of L is the bilinear map L x L — C given
. (x,y) =tr(ad, ady).

Theorem 6.0.2. The Killing form (z,y) = tr(ad, ad,) satisfies the following properties:

1. Bilinearity: (az + 8y, z) = a(z,2) + B(y, 2, ).
2. Symmetry: (z,y) = (y,z).

3. Antisymmetric: (ad,(x),y) = —(z,ad.(y)).

4. (x,y) is invariant, that is ([x,y], z) = (=, [y, 2])

where a, 8 € R, z,y,z € L.

Proof:

Bilinearity of the Killing form is obvious from the linearity of the operator and the linearity of the
trace.

Symmetric since L is a finite dimensional vector space and ¢r is cyclic hence tr(AB) = tr(BA) for
every matrix A B.

Antisymmetric property is a consequence of the Jacobi identity.
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Invariant property of the Killing form can be proven as follows.

ad[z,y] ad,)

(ad; ady—ad, adg)ad.)

ad, ad, ad,)—tr(ad, ad, adz)
ad, ad, ad;)—tr(ad, ad, ady)
ad, tr(ad, ad,—ad, ady))

ad, adly,2))

= (5.l 2]

([,y],2) = tr
=1tr
=tr
=tr

=1ir

A~ N N~~~

=tr

Definition 6.0.3 (Non-degenerate bilinear form). A bilinear form is non-degenerate on a
vector space V if whenever

(z,y) =0, then =0 VyeV

Example of sly(R) non-degenerate Killing form. slo(F) has the basis e, €2, e3 from example
The adjoint representation with respect to this basis is given by

00 0 0 0 1 0 -1 0
ade, =0 2 0, ad,={-2 0 0], adey =10 0 0
00 -2 0 00 2 0 0

Therefore, the matrix of the Killing form of sly(F) is

S O
= O O
O =~ O

Definition 6.0.4 (Identically zero bilinear form). A bilinear form of L is identically zero if

(z,y) =0 Vz,y € L.

See Example

Example 6.0.5. Let L be a Lie algebra with a C basis given by {e1, ea,e3} and a Lie bracket
given by

[e1,ea] = ea [e1,e3] = aez and [ez,e3] =0

38



where a € C is fixed. Its clear that every Lj contains es and therefore L is not nilpotent. The
adjoint matrices are given by

0 0 0
ade, 01 0].
0 0 «
[0 0 0]
ade, = |—1 0 0
10 0 0]
[0 0 0]
ade, =0 0 0
|I—a 0 0]
Therefore in the same basis the Killing form matrix
1+a?2 0 0
K= 0 0 0
0 0 0

when 1+ a? =0 then K =0

Proposition 6.0.6. Given [ as an Ideal of L and x,y, z € L. Then the Killing form of L restricted
to I is the Killing form of I. That is

(T, y) 1 =(z,y)1L

Proof: We begin by selecting an I basis and extending it to a L basis. Hence with respect to this
basis ad, : L — L is represented by a matrix of the form.

(D1 Dy
0 0

since x € I. Likewise, ad,: L — L is represented by a matrix of form

E1 B
0 0

hence ad, ady,: L — L is represented by a matrix of the form

D\Ey D.E»
0 0

thus we have

trr(ad, ady) =trDi1E,y
= try(ad, ady)

and therefore
() = (z,y)1
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Chapter 7

Root Systems

Unless otherwise stated, information in this Chapter was derived from [Huml2] apart from the
self-made examples, definitions or exercises.

7.1 Root Systems

Before we define a root system we need to understand a few terms that will be vital in our definition.

Definition 7.1.1 (Euclidean space). A Euclidean n-space denoted E™ is a finite-dimensional
vector space over R" endowed with an inner product (-, -).

Definition 7.1.2 (Reflction in Euclidean space). A reflection in a Euclidean space(E™) is an
invertible linear transformation which fixes pointwise some hyperplane P, = {3 € E|(5,a) = 0}
and maps all orthogonal vectors to P, to their negatives.

Let E be a Euclidean space, (3, @) be the dot product, and denote the reflection in the hyperplane
P, ={B8 € E|(8,a) =0} by

. o (Ba)
(B =82
= ﬂ - <Baa>aa
where 2(6.a)

Definition 7.1.3 (Root System). A subset ® of the Euclidean space E is called a root system
in E if the following conditions are satisfied:

1. @ is finite, spans E and does not contain 0.
2. If a € ®, the reflection o, leaves ® invariant.
3. If o, 5 € ® then (§,a) € Z.

4. If a € ®, the only multiples of o in ® are +a.
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Definition 7.1.4 (A total ordering). Let E be a Euclidean space containing all the roots o € ®
and let A\, u € E. A total ordering on E is defined as the relation < on E satisfying the following
conditions.

1. A< pand p < v implies A < v where v € E.
2. For every set of elements A, 4 € E only one of the conditions A < p, A = p, u < A holds.
3. If A< pthen A +v < p+ 0.

4. f A< pand € € R with £ > 0 then €A < £ and if € < 0 then £u <
T,

Definition 7.1.5 (Positive system ®* C ®). is defined as the set of all roots « € ® satisfying
0 < « for some total ordering on V.

Definition 7.1.6 (A fundamental system II C ®1). Let a € ®*. The fundamental system
II ¢ &% is defined as « € II if and only if a € IIT and o can not be expressed as the sum of two
elements of ®+.

Definition 7.1.7 (Fundamental roots). A set of fundamental roots is a subset of all the roots
(IT C @) such that the following conditions are satisfied.

1. II is linearly independent, II = {II;, - - - ,II}.

2. Every A € II: 3nq,--- ,ny € Nsuch that 3e € {+1,-1}: XA = ezlf:l n;11;.

Example 7.1.8. Let n =1, o € E'. Then

o ={o,—a}
is a root system, ®* = {a}, = = {—a} and II = {a} is a fundamental system. This root system
is denoted by A;.
Remark: Root system diagram A;
— = a

Suppose that we have two root systems (E1, ®1), (Eq, ®2) where E1,E; are real vector spaces and
®q, ®, are root systems. Then

(E1 @ Eq, &7 U ®9)

is a root system. It is called the direct sum of ®; and 5.
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The inner producton E; & Es is the natural one induced from (,)g, and (, )g,.

Thus

<(61’ 62)7 (6/1’ 612» = <617 €/1>]E1 + <€27 6/2>]E2'

®; CE; C E; ®E; by the identification e; = (61, 0)

&y C E; C E; @ Ey by the identification eq = (0, e2)

Also note that E; L Eq since

<(617 0)7 (07 62)> = <6170>]E1 + <0, €2>E2 =0.

Definition 7.1.9 (Reducible root system). A root system (E, ®) is reducible if there exists an
orthogonal decomposition
E=E; ®E,,

such that dimEq, dimE, > 0 and for all o € ®, either a € E; or a € Ey. Otherwise (E, @) is called
irreducible. (E,®) is reducible with the decomposition E = E; & Es.

Let
P =PNE;, Py =P NE,y,

then
D =P U D,

In this case (Eq1, ®1), (Eq, ®2) are root systems and (E, @) is the direct sum of (E1, ®1) and (Es, ®2)
(]Ea (I)) = (I)l @ (1)2

Therefore a root system (E, ®) is reducible if (E, ®) is a direct sum of two non-trivial root systems.

Definition 7.1.10 (Isomorphic root systems). Two root systems are (E, ®), (F,.S) are isomor-

phic if there exists an invertible linear transformation: A : E +— F such that A(®) = S and for all
aed ek,

A(Sa - B) = Saa - (AB).

Such a map A is called an isomorphism.

Proposition 7.1.11. Let «, 8 be roots. Suppose « # ¢f. Assume that (a, ) > (8, 8). Then one
of the following condition holds.

L (e, ) =0
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3. (a,a) =2(8,8), 0 =T or 3¢

4. {a,a) =3(8,B8),0 =% or X

Proof: Let
_ 2{a, B) _ 2o, B)
myp = <0[,O¢> EL, mo= <ﬂ,ﬂ> eZ
mimy =4 o >2 = 4c0s°0 < 4
(a, ) (B, B) -

If myme =0 = cosd =0 = (o, 8) = 0. proves conditon 1.

Suppose {(a, 8) # 0. Then

and hence 0 < mimq < 4.

If myms =4 = cosd =1 = a = £ which is a contradiction.

Ifmime=1 = cos =3 = 0=72%or 2 = (my,mp) =(1,1) or (—1,-1).
(m1,mg) = (1,1) = 0 =Z.

(m1,ms) = (=1,—1) = 6 = 2T this proves condition 2.

If mymg = 2 then cos = £1/sqrt(2), so the angle is w/4. On the other hand, the product can
only be 2 if m; = 1 and mo = 2 or their negatives. So the ratio of the lengths is \ﬂ2)

If mimy =3 = 9:%

Corollary 7.1.12. Let «, 8 be roots and 6 be an angle between «, (3.
If 5 <0 <7 then a + 3 is a root.
If 0 <6 < Z then a — 3, 8 — « are roots.

Proof: Consider condition 2 from Proposition [7.1.11|with0 <0 < § = 0 =3

(a, )
=f—-a€R
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Let us now determine all root systems of rank 2 where

{a,p} e, E?=(a,p).

Case 1: Root system of type A; x Ay, 0 = 3. The length can be arbitrary.

\71‘/2

Case 2: Root system with 6 = %’r This root system is denoted by As and corresponds to the

simple Lie algebra sl3(C) as it is noted later.

Ay

27/3

The root system & given by

<I>:{a7ﬁ,a+5,—a,—5,—a—5}
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We check the properties of ®.
1. It is clear that the vectors span E?
2. With the reflections corresponding to the remaining roots, we have a similar result. If we

perform the reflection o, we see that o(®) = ®.

3. (o, B) = —3]al|B] = —%(a, ). Hence

4. The positive root system and the fundamental root is given by

* ={a,f,a+p} and I = {a, B}

Case 3: 6 = 27/4. This root system is called By. The roots have two different lengths such that

| long root ||=|| short root || -v/2.

By repeatedly reflecting with respect to the hyperplanes orthogonal to the roots, we obtain the
following:

B;

3 /4
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Case 4: 0 = %”. This root system is called G5 The roots have two different lengths such that

| long root ||=|| short root || -v/3.

By repeatedly reflecting with respect to the hyperplanes orthogonal to the roots, we obtain the
following:

G

57/6

Since we have no other possibility for 6, we have determined all root systems of rank 2 up to
isomorphism.
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7.2 Weyl group

Definition 7.2.1 (Weyl group). Let L be a simple Lie algebra, let H be a Cartan subalgebra
of L, and let ® be the set of roots of L with respect to H. For every o € ®, define s,: H — H by

2{a, H)
(@, @)

Sa(h) =h—

)

where s, € GL(H) and (-,-) is the inner product on H. The Weyl group of ® is the subgroup
W of GL(h) generated by s, « € ®. From the definition of a root system s,, preserves ® and W
is a finite group.

Theorem 7.2.2. For allw € W, o € ®. then w.ao € .

Note: W acts on ¢, so W.® = & since s, - S - w = w. This means that if you apply the reflection
twice you get the identity map.

Corollary 7.2.3. W is finite.
Proof: We know that H = span(®) and w € W, w: H — H is determined by w - o, « € ® but
we also know that w -« € ®. Then w is determined by the permutation w®: ® — & which is a

bijection hence @ is finite which implies w is finite.

| ¢ <00 = |w| < oo
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Chapter 8

Cartan Matrix

Unless otherwise stated, information in this Chapter was derived from [Car05] apart from the self-
made examples, definitions or exercises.

Let E be a Euclidean space in terms of the scalar product (,). Let ® be a root system. Then any
fundamental system II C ® forms a basis in E and the roots of ® span E.

We begin by considering the angles that can exist between pairs of roots «, 8 as well as the relative
lenghts of the roots a, 8. The angle will be chosen to satisfy 0 < 6 <=

Recall Proposition [7.1.11} Then let IT = {aq, -+ ,q;} be a fundamental system of roots. We

represent the angles between «; and their relative lenghts in form of a matrix given by

<O"i7 aj>
<ai; Q5

Cij =2 where Cj; € Z i,j=1,--- L.

The | x [ matrix C' = Cj; is called the Cartan matriz.

Proposition 8.0.1. Properties of the Cartan matrix.
1. C;; = 2 for all 1.
2. Ci; €{0,—1,-2,-3} if i # j
3. Cjj = —2 or =3 then Cj; = —1.
4. Cij =0 if and only if Cj; =0

Definition 8.0.2. [Generator] Q is called a generator of L if each element of L is a linear com-
bination of elements of Q.

A semisimple Lie algebra L can be associated with an n x n Cartan matrix, where n denotes
the rank of L. The simple roots of the Lie algebra are the basis vectors and we can determine the
elements Cj; by their inner product when using the Killing form

iy —

(viy )

48



Using the generators {g;, s, s;} we can reconstruct the Lie algebra L up to isomorphism. That is
L=q®drds

where ¢, r, s are Lie subalgebras that are generated by the generators of the same letter.

Examples of Cartan matrices.
Case 1: Type A;. The only 1 x 1 such matrix is (2).

Case 2: If we have any two distinct simple roots c; and o then their corresponding 2 x 2 Cartan
matrix is of the form

and has the following possibilities

For A; x A; it is

b2

because the two simple roots are orthogonal, the numerator’s inner product is 0 in

<Oz7;,05j>

2
(@i, a)

Hence the off-diagonal entries are 0.

For A, it is

For Bs it is

49



For G, it is
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Chapter 9
Dynkin diagrams

The Dynkin diagram classifies every semisimple Lie algebra L. A Dynkin diagram is a graph
that has several different types of edges. The graph’s connected components correspond to L’s
irreducible subalgebras. As a result, the Dynkin diagram of a basic Lie algebra has only one
component. The rules are stringent. In fact, each component has just a few possibilities, which
corresponds to the classification of semi-simple Lie algebras.

Definition 9.0.1 (Bond number). The bond number is given by

Ni; = CijCji for 1 %]
_, (B (B
(a,a (8,5)

= 4cos°0,

where 6 is the angle between «, 5. Therefore 0 < n;; <4, if ¢ # j and since 0 < cos?0 < 1.

Therefore, the bond number is n;; = 0,1, 2, 3.

The table below shows the values of n;; = Cj; - Cj;

Cij Cij Tij
0 0 0
-1 ] -1 1
-1 | =2 2
-2 | -1 2
-1 -3 3
-3 | -1 3
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Rules for drawing dynkin diagrams.

1. For every fundamental root draw a circle.
2. If two circles represent o, 3 € 11, draw n;; lines between them.

3. If there are 2 or 3 lines between two roots, write an arrow directed to the longer or shorter
root.

Theorem 9.0.2. Any finite dimension simple C Lie algebra can be reconstructed from it’s set of
fundamental roots and only comes in the following forms. (see figures below).
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Figure 9.1: A,, where n > 1. Below are examples of Dynkin diagrams of the form A;.

A x Ay oo
As )
As o o
Ay o o o
Asg o o o o

Figure 9.2: B,, where [ > 2. Below are examples of Dynkin diagrams of the form B,,.

By ———o
B3 o ——»
By o o ———»

53



Figure 9.3: C),, where [ > 3. Below is an example of a Dynkin diagram of the form C,,.

Cs —  e—<—9

Figure 9.4: D,, where | > 4. Below are examples of Dynkin diagrams of the form D,,.

=
e
e



Figure 9.5: We also have the exceptional Lie algebras which have Dynkin diagrams of the form F,
where 6 < n < 8. Below are examples of Dynkin diagrams of the form F,,.

Er

Eg

Figure 9.6: Below is a Dynkin diagram of the form Fj.

F4 *——————9  ——@

Figure 9.7: Below is a Dynkin diagram of the form Gs.

Gy e—
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Chapter 10

Applications of Lie algebras

A very first application of Lie algebras is already in the area of algebra, more precisely, of group
theory. A large amount of simple groups are closely related to simple Lie algebras and in fact can
be constructed with their help. These simple groups are called simple groups of Lie type. For ex-
ample, the simple groups SL,,(q) correspond to the Lie algebra sl,,(C). However, the construction
of these simple groups is rather involved and lies beyond the framework of this thesis.

10.1 Computer Vision

Recently there has been extensive studies in Lie group theory with the aim of solving problems in
computer vision. In the dynamical analysis of computer vision, transformation matrices play an
important role. These matrices consists of elements known as Lie groups.The Lie group tangent
space at the identity is known as the Lie algebra. The exponential map exp is a transformation
from Lie algebra to Lie group elements.The product of Lie group element becomes the sum of Lie
algebra elements using exponential mappings, making dynamical analysis simple.

The main problems in computer vision include object tracking and pattern recognition.
Object tracking.

Object tracking is employed in a range of applications, including vision-based robot control, medi-
cal applications, and so forth. This issue has been solved in a variety of ways, the most common of
which are feature monitoring and template tracking. In the template tracking method, an iterative
least squares problem was used to minimize the sum of squared differences between the template
and image intensities. The method is slow since it takes each iteration to compute the image gra-
dient, Jacobian, and Hessian. These methods use linearization to estimate the additive updates to
the motion parameters. Lie group methods use Lie algebra to estimate additive updates to motion
parameters.

As opposed to the conventional approach. When Lie algebra representation is used each interme-
diate transform is a rigid transformation as well. This means the sequence elements remain within
the subgroup. The Lie algebra-defined process is optimal in that it corresponds to the shortest
geodesics linking the two transforms on the affine manifold. This makes the study of Lie groups
theory very useful in motion estimation.

Pattern recognition.

One challenge in constructing statistical models for parameterized geometric transformations is
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that their inherent group structure makes it difficult to use statistical methods that depend on
underlying vector spaces. Many of these problems are alleviated by Lie algebra theory. Its main
purpose is to build equivalent representations in vector space while remaining connected to the
geometric transform group. As a result, we obtain a vector representation of each transform, to
which many commonly used statistical models can be easily applied.[XM12]

10.2 Mathematical Modelling in Natural Sciences.

A wide range of mathematical models expressed in terms of nonlinear differential equations can
successfully be solved by Lie group methods. Lie group analysis is particularly useful in the study
of nonlinear differential equations because its algorithms behave as consistently in this case as they
do in linear cases. Lie group analysis proposes a precise mathematical formulation of intuitive
ideas of symmetry and provides analytical methods for solving non-linear differential equations.
Lie group analysis enables the discovery of symmetries in differential equations that would other-
wise be hidden.

Knowledge of group analysis is essential for developing and testing nonlinear mathematical models
of natural and engineering problems. Lie symmetries can be used to investigate a wide range of
physical phenomena in order to find various group invariant solutions.The group invariance prin-
ciple can be used to derive differential equations, conservation laws, solutions to boundary value
problems, and so on.

Lie group analysis has been used in the following fields of mathematical modeling and natural sci-
ence. Applications of Lie theory to hydrodynamics and finite-difference equations, nonlinear optics
and acoustics, diffusion and wave phenomena, industrial mathematics, field theory, astrophysics
and Earth sciences. [I112]

10.3 Mathematical Finance and Economics.

One of the most important applications of Lie Theory to Economics is the application of Lie groups
of partial differential equations to multidimensional screening problems. Many industries have a
non-proportional relationship between the price paid by customers and the quantity purchased.
Furthermore, in the case of nonlinear tariffs, the payment is frequently determined as a function
of several characteristics, each of which is valued differently by each customer. As a result, a
one-dimensional characteristic is insufficient to represent the customer typology in general. This
creates a multi-dimensional screening problem.

Profit maximization is always one of the monopolist’s primary objectives.An intriguing way to
accomplish this is through the appropriate selection of a tariff. Keeping in mind that a tariff is
nothing more than a real function on a set of goods bundles. The tariff enables us to calculate
the price a consumer will pay for a specific bundle of goods. Solving this problem usually require
solving a boundary problem involving a system of nonlinear partial differential equations. When
symmetries exist, the problem can be significantly simplified and even explicitly solved. This is
equivalent to explicitly solving a PDE system using Lie Theory. [HMNTQ9)
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