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Abstract - In present work a mathematical-statistical 
description for the germination process has been found, in 
which the different parameters have direct physical-
chemical meanings. The result of the model was controlled 
by experimental data given by seed germination trials of the 
common reed (Phragmites australis). The germination time 
being different seed-by-seed can be considered a random 
variable of normal distribution according to the model. The 
distribution function of this random variable gives the 
proportion of germinated seeds as the function of time, 
which can be characterized by two parameters, the mean 
value and the standard deviation of the germination time. 
Germination process can be described by a „two-type 
processes model”, where the rate of one type of processes is 
controlled by the material transport and the rate of the 
other type is determined by chemical reactions. Comparing 
the results of the model with the experimental data, the ratio 
of these is 30%-70% in the germination time, while the 
transport processes give the main part (>80%) of the 
standard deviation.  
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I. INTRODUCTION 
 

Studying a seed population the germi-nation time, tG 

is a function of tempe-rature, in such a way, that the 
thermal time, tTTTT B )( −=  is accumulated, where TB 

is base temperature, under which there is no germination 
[1]. A seed germi-nate when the TT reaches the value 
necessary for germination, that is 
 

 GBG tTTTT )( −= . (1) 
 
This model is called TT-model and is generally used for 
description of germination time [2-3]. 

In the population the germination times of seeds, tG 
are different [4], therefore it can be regarded as random 
variable. There is a lot of (logistic) models known for the 
probability distribution of germination time and for the 
proportion of seeds germinated within time t [5-6]. The 
disadvantage of these models is that their parameters have 
no physical-chemical meaning, so they can not refer to the 
processes during germination. 

From the (1) the reciprocal of germination time, the 
germination rate is proportional to the temperature, T [7-
8]. Because of it the germination time, tG on this 
temperature T is proportional to TTG , which has normal 

distribution for lot of the seeds [9-10], while the base 
tempe-rature, TB is a parameter being charac-teristic of the 
lot of seeds and probably one for the species [11]. From 
this, according to the (1) the germination time has a 
normal distribution, while the proportion of lot of seeds 
germinated within time t will be ratio to the (normal) 
distri-bution function of germination time [12]. 

In present work this model of normal distribution 
has been developed, considering germination process as 
the resultant of physical-chemical processes and, as a 
consequence of this, the germination time being the sum 
of these various process times. Therefore, the values of 
the model parameters can be in direct relation to the 
characteristics of the physical-chemical processes during 
the germination mentioned above. The model having no 
connection to a specific material can be of universal 
validity. In this present work we use it to explain seed 
germination of Common Reed (Phragmites australis). 
 

II. MATHEMATICAL STATISTICAL MODEL 
 
A. Statistical characteristics of germination 
 

Take a multitude of N elements (seeds of reed) and 
suppose N(t) number of seeds germinated within time t. 
Look at the following volume 
 

N

tN
tR

)(
)( = ,  (2) 

 
which is called germination ratio (of mutually). 

As germination of seeds belonging to a variety of 
germination parameters is not complete, only a part of 
them will do, 

GNtN =∞→ )(  [13], therefore the probability 

of germination of a seed picked spontaneously from the 
mutually is 
 

N

N
p G

G =  (3) 

 

equal to the ratio of germinated seeds (t→∞). 
The volume pG (0 ≤ pG ≤1) is called germination 

probability [14] and it is regarded as one of characteristics 
of the germination process. Its value depends on the 
genetical characteristics of the lot of seeds and the 
parameters of germination, mainly on the amplitude of 
diurnal temperature cycles [13]. 
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Take the multitude of germinated seeds, NG. As 
within this the germination time of seeds is different, 
therefore germination time of a seed picked spon-
taneously from the (partial) multitude of germinated 
elements can be considered a random variable (τG). The 
probability of τG < t is 
 

 { } )(
)(

tF
N

tN
tP

G
G ==<τ  (4) 

 
equal to the distribution function of germination time, 
F(t). 

Comparing (2)-(4), the germination ratio (2.) will be 
the following 
 

 )()( tFptR G= , (5) 
 
which shows the germination time-course of the 
germination kinetics. 
 
B. The linear process model 
 

Germination process consists of a mixture of 
numerous sequent and/or parallel (sub)processes in which 
- from the beginning till the end - the composition of the 
seed changes continuously and finally the seed germi-
nates. A linear approxi-mation is used in the model, 
which means that the germination process is considered as 
a sum of sequent (n) processes, where the process i+1 
starts when the process i has already finished (or has 
overcome a certain level). 

According to this, germination time, τG as a random 
variable 
 

∑
=

=+++=
n

i
inG

1
21 .... τττττ  (6) 

 
will be the sum of process times, τi, which are also 
random variables. 

The mean value, tG and standard deviation, σG of 
germination time according to the calculation law of the 
sum of mean values and standard deviations of the 
random variables are 
 

∑
=

=
n

i
iG tt

1

,  (7.a) 

∑
=

=
n

i
iG

1

22 σσ .  (7.b) (7.b) 

 
Since the germination process consists of thermal 

activated processes, therefore the the process times, τi 
follow an Arrhenius-type kinetics [14]. For this reason the 
mean value, ti and standard deviation, σi will be 
Arrhenius-types (Appendix I.) as follows 
 









=
∗

RT

E
At i

ii exp , (8.a) 









=
∗

RT

E
B i

ii expσ , (8.b) 

 

where ∗
iE  is the activation energy of process i, and Ai and 

Bi are the pre-exponential coefficients. The R is the 
universal gas constant and T is the germination 
temperature. In (8) both the mean value and the standard 
deviation depend on the temperature in the same way. 

Two types of processes exist during germination: In 
case of one type the rate of the process (activation energy) 
is defined by the material transport (processes controlled 
by transport), while in the case of the other type the rate 
of process is determined by chemical reactions (processes 
controlled by chemical reactions). 
 
C. The distribution function of the germination time 
 

The distribution function of germination can be 
defined by the distribution functions of the processes. It is 
not necessary to know their exact form, if the next can be 
assumed: the processes are (almost) independent of each 
other, they are large in number (n>>1) and their 
distribution is approximately the same. In this case the 
distribution function, (4) of the germination time, (6), 
independently of the distribution functions of the different 
individual processes, can be approximated by the normal 
distribution function (central limit theorem), as 
 

dx
tx

tF
t

G

G

G
∫
∞− 






 −

−=
2

2

2

)(
exp

2

1
)(

σσπ
,  (9) 

 

where the two parameters, 
Gt  and 

Gσ  are the mean value 

and standard deviation of the germination time and those 
can be got by comparing (7) and (8). It will be 
 

∑
=

∗









=
n

i

i
iG RT

E
At

1

exp , (10.a) 

∑
=

∗







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=
n

i

i
iG RT

E
B

1

22 2expσ   (10.b) 

 
Validity of the normal distribution approximation has to 
be checked in every case by means of a statistical 
hypothesis test. 

The kinetics of germination, (5) using distribution 
function (9.) will be the following: 
 

),,()( GGG ttNptR σ= , (11) 
 
which can be characterised by three parameters, the 
germination probability,

Gp , the mean value, 
Gt  

and the 

standard deviation of the germination time, σG. These pa-
rameters are called kinetical parameters of germination. 

The germination probability 
Gp  

has a week depen-

dence on the temperature [4], because the kinetics of 
germination (11) depends at first on the temperature 
through the mean value and the standard deviation of the 
germination time. This temperature dependence is quite 
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complicated using approximation is better to find suitable 
formulas. 
 
 
D. “One-type processes model” approximation 
 

Assume the processes taking place during germi-
nation are one-type processes with approximately the 
same activation energies. In this case ∗∗ = EEi

, further 

∑= iAA
 
and ∑= 22

iBB . According to this 

 









=
∗

RT

E
AtG exp , (12.a) 









=
∗

RT

E
BG expσ , (12.b) 

 
the temperature dependency of the two parameters, the 
mean value and the standard deviation will be the same. 
 
E. “Many-type processes” model, average activation 
energy approximation approximation 
 

Let us form mean value and standard deviation 
of germination time, they are  
 









=
∗

RT

E
At M

G exp  (13.a) 









=
∗

RT

E
B D

G expσ , (13.b) 

 
where now the temperature dependence of the mean value 
and the standard deviation is expressed in the same form 
as it is done in the case of one-type processes model. The 
only difference is, that average activation energy would 
be different at the two kinetical parameters (M mean 
value, D standard deviation). 

The two average activation energies combining (10) 
and (13) can be written as follows 
 



















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E

B
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E

1
2

2
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2

. (14.b) 

 
The cause of the difference is that the preexponential 

parameters being in (14) are weight factors and they are 
different for the mean value and for the standard 
deviation, therefore the average activation energies, ∗

ME  

and ∗
DE  can differ from each other. 

 
III. EXPERIMENTS AND RESULTS 

 
A. Materials and experiments 
 

Germination trials of seeds Phragmites australis 
(harvested in Balatonfüzfı 2002. november) were carried 

out on four average temperatures, ( ) 2TTT MINMAX /+= , which 

were 15ºC, 20ºC, 25ºC and 30ºC, the amplitude of diurnal 
temperature fluctuation, 

MINMAX TTT −=∆  was of 20ºC, 

12+12 hours. Number of seeds were 500 in each cases. 
At 

MAXT  seeds were exposed to white warm flu-

orescent light, while at 
MINT  seeds were kept in darkness. 

Germinated seeds were counted once a day (j= 0. 1, …J, 
J=14) for 14 days. We considered a seed to be 
germinated, when radicle had broken through the seed 
coat. The ratio of germinated seeds (Rj) as a function of 
time (tj) can be seen in Figure 1. 
 

 
Figure 1. Ratio of seeds germinated in j≤14 days as a function of 
the germination time for the samples at temperatures. Symbols 
are measured values (Rj), the curves drawn are calculated from 
(11) using the estimated characteristics from (15). Number of 
seeds n=500 
 
B. Results 
 

The three parameters of the germination process 
were calculated by the method of parameters variation 
(Appendix II) seeking the minimum of (15)  
 

min],,([
1

2 =−=∑
=

J

j
jGGGj ttFpRSSR σ . (15) 

 
Values of these parameters estimated in such way for the 
different (k) average germination temperatures ( kTT = ) 

are shown in Table 1. 
 
Table 1. Estimated values of kinetic and fitting parameters for 
the average germination temperatures  
 

 

kT  [0C] 15 20 25 30 

Gt̂  [Days] 9.0 6,2 3.6 2.0 

Gσ̂  [Days] 2,51 2,25 2,09 1.75 

Gp̂  [-] 0.58 0.62 0.63 0.62 

 p 0.0001 0.001 0.005 0.01 
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The calculation of average activation energies we 
took the logarithm of (13), this way the regression 
functions will be lines (Figure 2.) 
 

TR

E
At M

G

1
lnln

∗

+=  (16.a) 

TR

E
B D

G

1
lnln

∗

+=σ  (16.b) 

 
from this the estimated values of average activation 
energies have been calculated using linear regression 
(EXCELL). Values are given ∗

ME =73kJ/mol and 
∗
DE =21kJ/mol⋅ 

Variance analysis (ANOVA) was used for the 
hypothesis test of the regression functions, where we 
computed F0  and p level of significance belonging to the 
sample. If p<0.05 than we accept with a probability of 
95% that the measured data can be written with (11) and 
(16) relations. Values of significance belonging to the 
kinetics (11) can be seen in Table 1 as those given from 
defining activation energy are at the mean value p=0.01, 
at the standard deviation p=0.01. 

 

 
 
Figure 2. Regression lines (16) for calculation of the average 
activation energies from the mean values and standard 
deviations (Table 1.) 
 

IV. DISCUSSION 
 

The kinetics (11) according to Figure 1 and the level 
of significance (p<0,05) fit to the measuring data showing 
the valitidy of the model for descripcion of the 
germination of reed. The better the fitting is, the higher 
the mean value of germination in relation to the standard 
deviation of germination. A considerable difference can 
be found only in the case of 

GGt σ≈  and t→0, because in 

this case 0)( >σ= GGt0tN ,, , while, 00)( =→tR  which 

means the limit of the approximation. The approximation 
within this range is also corrigible, having concrete 
assumptions for the distribution function, the mean value 
and the standard deviation of the different processes [14]. 

The mean value of the germination time is 
significantly, while standard deviation of the germination 
time is marginally influenced by the temperature. With 

increasing temperature there is a decrease in both cases. 
Their logarithms fit to the regression lines at p=0.05 
significance level, which means that both the mean value 
and the standard deviation can be defined by Arrhenius-
type characteristics according to expression (16). 

The different activation energies mean, that the 
germination process according to the „many-types 
processes” model can be defined as being a resultant of 
the processes ( ∗

ME =73kJ/mol) controlled by material 

transport and chemical reactions (E*=0-30kJ/mol for 
transport process, E*=40-60kJ/mol enzyme and E*=100-
250kJ/mol non-enzyme controlled processes [15], [16]). 

The value of the activation energy belonging to the 
standard deviation ( ∗

DE =21kJ/mol) shows that the 

tandard deviation is mostly originated from the transport 
processes (measured value of pea 18KJ/mol, [14], [17])]. 

 
 

APPENDIX 
 
I. Temperature-dependence of mean value and standard 
deviation of the process time 
 

Process time being a random variable is a function 
of two other random variables, namely ∗

iε  activation 

energy and 
iα pre-exponential coefficient 

 

RT
ατ

i
ii

∗

=
ε

exp . (A.1) 

 

Expand (A.1) into series according to 
iα  and ∗

iε  

around their mean value, { }ii MA α=  and { }∗∗ = ii ME ε  to 

the firs term. It will be 
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ii
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Form the mean value of (A2) using the formula for 

the mean value of the sum of random variables is 
 

{ }








==
∗

RT

E
AτMt i

iii exp , (A.3) 

 

as { } 0=− ii AM α  and { } 0=− ∗∗
ii EM ε . 

Using the formula for the standard deviation of the 
sum of random variables 
 

{ }








=
∗

RT

E
BD i

ii expτ , (A.4) 

where  
{ } { }
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2

2

2

2
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RT

ED

A
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i

i
ii

∗∗ −+= ε  (A.5) 

 
they turn on temperature the same way with different pre-
exponential coefficients.  
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K
1

T
1000
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II. Method of parameter variation 
 

The minimum of the (15) is given by the following 
system of equations 
 

0=
∂
∂=

∂
∂=

∂
∂

GGG

SSR

t

SSR

p

SSR

σ
 (A.6) 

 
The (A.6) is a non linear equation system, its solving is 
possible only in a numerical way.  
 
III. Thermal Time 
 

Instead of TT using average activation energy 
approximation we can use the following parameter 
 








−=

∗

RT

E
tZ Mnexp  (A.8) 

and 

A
RT
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Expand (A.10) into series around TB till the first order 
term 
 

TTconsttTT
RT

E

RT

E
Z B

B

M

B

M ⋅=−






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−=

∗∗

))(exp(
2
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In a specific little range of temperature it will be 
proportional to thermal time. 
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